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1 Hamiltonian Mechanics

The most common approach to studying classical General Relativity is the Lagrangian

framework. As a metric-based description of gravity, the main object in this framework

is the metric tensor gab, a symmetric rank-2 tensor field defined on a four-dimensional

Lorentzian manifold M, called spacetime. We then specify the theory by choosing an

action S[g] that is a functional of the metric tensor gab. For General Relativity, this action

is given by the Einstein-Hilbert action

S[gab] =
1

16πG

∫
M

d4x
√
−g R(gab) (1.1)

where we g = det(gab) is the determinant of the metric, which will be negative for a

Lorentzian manifold, and R(gab) is the Ricci scalar associated with the metric tensor. An

important observation we can make about this action is diffeomorphism invariance. While

we may use a coordinate basis to perform computations using this action, the physics

should not depend on it. This means that the action should be invariant under general

coordinate transformations, also called diffeomorphisms. Aptly named, the Ricci scalar

R is a scalar and hence already manifestly invariant under diffeomorphisms. For a gen-

eral transformation the measure d4x picks up a Jacobian factor which is cancelled by the

transformation of
√
−g. We therefore refer to the combination d4x

√
−g as the invariant

measure. This means the action is invariant under such transformations and we can feel

more confident in using it to describe our physics.

It is also possible to modify the Einstein-Hilbert action by the addition of a constant term

Λ, called the cosmological constant. The action is then

S[gab] =
1

16πG

∫
M

d4x
√
−g (R(gab)− 2Λ) . (1.2)

Applying the principle of least action as outlined below, the Einstein-Hilbert action leads

to an equation of motion given by the Einstein field equation

Rab −
1

2
Rgab − Λgab = 0 (1.3)

where Rab is the Ricci tensor. We can add matter terms to the action that give rise to the

stress tensor Tab. The Einstein equation is then modified to

Rab −
1

2
Rgab − Λgab = 8πTab (1.4)

where the left hand side of the equation describes the curvature of spacetime and the

right hand side describes the energy and momentum distribution. In any coordinate basis,

this equation is a set of ten second order coupled PDEs. Finding a solution gab means

determining the gravitational field in this spacetime. We will later discuss in which sense

this is possible. Having found the gravitational field, we describe the motion of test particles

using another action

S[xa(λ)] =

∫
dλ

√
−gab

dxa

dλ

dxb

dλ
(1.5)
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where we are integrating along the trajectory of the particle xa(λ), parametrised by λ.

So far, we have considered General Relativity only in the Lagrangian approach. Canonical

Gravity is the study of General Relativity in the framework of Hamiltonian mechanics.

This gives access to deep insights about the nature of gravity and hence our universe, that

are difficult to reach in a Lagrangian approach. To this end, we would first like to explore

the Hamiltonian framework of classical mechanics.

1.1 Fundamentals of Hamiltonian Mechanics

In the Lagrangian approach, a physical system is described by its action functional

S[qi(t)] =

∫
dt L(qi, q̇i, t) (1.6)

where t acts as a time parameter. The state of the system is given by the dynamical

variables qi and their t-derivatives q̇i. The integrand of the action functional is known as

the Lagrangian L. The equations of motion are determined by applying the principle of

least action which states that the classical path taken is the one that extremises the action

or mathematically

δS = 0 (1.7)

where δ denotes a functional variation of the path {qi(t)}, keeping the end points fixed. We

can now use the integral form of the action functional to derive the equations of motion as

S′ = S + δS =

∫
dt L(qi + δqi, q̇i + δq̇i, t) =

∫
dt L(qi, q̇i, t) +

∂L

∂qi
δqi +

∂L

∂q̇i
δq̇i (1.8)

and hence

δS =

∫
dt

∂L

∂qi
δqi +

∂L

∂q̇i
δq̇i =

∫
dt

[
∂L

∂qi
− d

dt

∂L

∂q̇i

]
δqi (1.9)

where we have integrated by parts and no boundary terms appear due to holding the end

points fixed. This means that for a general variation δqi, the principle of least action is

equivalent to the Euler-Lagrange equation

∂L

∂qi
− d

dt

∂L

∂q̇i
= 0 (1.10)

which generally gives a system of coupled second order differential equations that can be

solved analytically or numerically to determine the path taken by the classical system

subject to boundary conditions. We would like to take a different approach now.

We first define a canonical momentum

pi =
∂L

∂q̇i
(1.11)

for each degree of freedom and perform a Legendre transform from real space to phase

space (qi, q̇i) → (qi, pi) to find the Hamiltonian

H(qi, pi, t) =
∑
i

q̇ipi − L(qi, q̇i, t) . (1.12)
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This will in general involve inverting (1.11) to find q̇i as a function of qi and pi in order to

eliminate it in the expression for the HamiltonianH(qi, pi, t). In practise, it may be difficult

to do this in which case the Hamiltonian framework could be unsuitable for performing

calculations on that particular system.

Classically, the Hamiltonian is a measure of the total amount of energy in the system. One

useful property is that it is conserved for systems where the Lagrangian does not explicitly

depend on time. This can be seen by

dH

dt
= q̈ipi + q̇ipi −

∂L

∂t
− ∂L

∂qi
q̇i −

∂L

∂q̇i
q̈i = 0 (1.13)

where we have adopted Einstein summation convention to drop the explicit sum and used

the Euler-Lagrange equation. Mathematically, this property stems from Noether’s theorem

where H acts as the conserved charge associated with time translation symmetry.

The Hamiltonian can also be used to determine the equations of motion directly through

Hamilton’s equations

q̇i =
∂H

∂pi
, ṗi = −∂H

∂qi
(1.14)

which is equivalent to

q̇i = {qi, H}, ṗi = {pi, H} . (1.15)

The Poisson brackets {A,B} are defined as

{A,B} =
∂A

∂qi

∂B

∂pi
− ∂B

∂qi

∂A

∂pi
(1.16)

where we have again used Einstein notation to sum over the repeated index i. This can be

used to show that for any analytic function of the phase space variables f = f(qi, pi), the

time derivative can be found as

ḟ = {f,H} (1.17)

and hence H is the generator of time translations. We may also use this to show that any

Hamiltonian H = H(qi, pi) not explicitly dependent on time satisfies

Ḣ = {H,H} = 0 (1.18)

and is therefore conserved. Hamiltonian mechanics using Hamilton’s equations is equivalent

to Lagrangian mechanics using the principle of least action as

q̇i =
∂H

∂pi
= q̇i,

d

dt

∂L

∂q̇i
= ṗi = −∂H

∂qi
=
∂L

∂qi
(1.19)

where we can see that, given the definition of the Hamiltonian in terms of a Legendre

transform, the first Hamilton’s equation becomes trivial and the second reproduces the

Euler-Lagrange equation.
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1.1.1 Canonical Transformations and Noether’s Theorem

This section is not part of the Canonical Gravity course but is included for the reader’s

benefit as an adapted version from the Advanced Classical Physics course taught by Andrew

Tolley at Imperial College London.

For a general function f = f(qi, pi, t), the time evolution is given by

df

dt
=
∂f

∂t
+ {f,H}qi,pj (1.20)

where we have explicitly noted the Poisson bracket with respect to the phase space pa-

rameters {qi}, {pi}. In the spirit of coordinate invariance however, we should be able to

re-parametrise phase space while still describing the same physical system. We therefore

define another set of coordinates QI(qi, pi, t) and PJ(qi, pi, t) on phase space. As all dy-

namics are controlled by the Poisson brackets, we require the new coordinates to satisfy

{f, g}QI ,PI
= {f, g}qi,pi (1.21)

for arbitrary phase space functions f, g. Any such transformation is known as a canonical

transformation. It is possible to show that to satisfy (1.21), it is sufficient to require

{QI , QJ}qi,pi = {PI , PJ}qi,pi = 0, {QI , PJ}qi,pi = δIJ (1.22)

where any pairs Qi and Pi are known as canonical conjugates.

Back in the Lagrangian picture, the most general transformation we can make is one that

changes the Lagrangian by a total derivative to keep the equations of motion invariant.

Take the new form of the Hamiltonian after a canonical transformation to be K(QI , PI , t).

The new Lagrangian can then be written as

L′ = PIQ̇I −K(QI , PI , t) (1.23)

but we also know that this has to differ from the original Lagrangian by no more than a

total derivative. Therefore we obtain the relation

PIQ̇I −K(QI , PI , t) = piq̇i −H(qi, pi, t) +
dF

dt
(1.24)

where F = F (qi, pi, t) is an arbitrary analytic function. Applying the chain rule, we may

expand the relation as

PI
∂QI

∂t
+ PI

∂QI

∂qi
q̇i + PI

∂QI

∂pi
ṗi −K = piq̇i −H +

∂F

∂t
+
∂F

∂qi
q̇i +

∂F

∂pi
ṗi . (1.25)

As we still see each qi and pi as independent coordinates on phase space, we can compare

these coefficients in each of the terms to split the relation into three conditions

PI
∂QI

∂qi
= pi +

∂F

∂qi
(1.26)

PI
∂QI

∂pi
=
∂F

∂pi
(1.27)

K = H − PI
∂QI

∂t
− ∂F

∂t
(1.28)
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satisfied by all valid canonical transformations. This describes the most general form of

a canonical transformation. Let’s now consider one particular application of infinitesimal

transformations of the form

Qi = qi + δqi, Pi = pi + δpi, F = Aδλ, K = H + δH (1.29)

where we only keep terms to first order in δ. This means the first-order contribution to

the conditions reduces to

δpi + pj
∂δqj
∂qi

=
∂A

∂qi
δλ (1.30)

pj
∂δqj
∂pi

=
∂A

∂pi
δλ (1.31)

δH = pj
∂δqj
∂t

− ∂A

∂t
δλ . (1.32)

From these variables, we now define another function

G = pj
δqj
δλ

−A (1.33)

which we may recognise as the definition of the Noether charge when considering symmetry

transformations of an action. To make this more clear, G allows us to rewrite the equations

as

δqi =
∂G

∂pi
δλ = {qi, G}δλ (1.34)

δpi = −∂G
∂qi

δλ = {pi, G}δλ (1.35)

δH =
∂G

∂t
δλ (1.36)

where we can now clearly see that if the Hamiltonian is invariant under the transformation

then G is conserved. The phase space variables also infinitesimally transform in a way we

would expect from the generator of a symmetry. We have reached the result of Noether’s

theorem expressed in the Hamiltonian framework.

1.1.2 A Particle Moving in a Potential

The discussion of Lagrangian and Hamiltonian mechanics has so far been fairly abstract.

To illustrate how to apply this to a specific system, we pick a particle of mass m moving

in a position-dependent potential V (xi) in d-dimensional space. The corresponding action

functional is

S[xi(t)] =

∫
dt

1

2
mẋ2i − V (xi) (1.37)

where the degrees of freedom of the system {xi} are now components of a d-dimensional

position vector. The Euler-Lagrange equation of this system evaluates to

mẍi = −∂V
∂xi

(1.38)
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which is a system of coupled second order differential equations given a general potential.

Another approach is to find the canonical momenta pi = mẋi and hence the Hamiltonian

H =
p2i
2m

+ V (xi) (1.39)

which can be used to find Hamilton’s equations

ẋi =
pi
m
, ṗi = −∂V

∂xi
(1.40)

that are indeed equivalent to the Euler-Lagrange equation. We also notice that both

the Euler-Lagrange equation and Hamilton’s equation are equivalent to the result that

would have been obtained from treating a particle moving in a potential in the Newtonian

approach

F = −∇V = ma = m
d2x

dt2
(1.41)

by considering the forces acting on it and applying Newton’s second law. This is important

sanity check since all three are simply different mathematical formulations of the same

underlying physics and are hence expected to yield the same behaviour.

1.2 Canonical Quantisation

A feature of the Hamiltonian approach is that it enables a simple framework for quantising

a classical theory. When canonically quantising a system with degrees of freedom {qi},
these variables are promoted to linear operators {q̂i} acting on states in a Hilbert space.

These operators obey commutation relations that can be obtained from Poisson brackets

{A,B} → 1

iℏ
[Â, B̂] (1.42)

where all variables and functions are promoted to linear operators on a Hilbert space ac-

cordingly. Using the example of the particle in a potential, we can compute the commutator

between position and momentum operators as

{xi, pj} = δij → [x̂i, p̂j ] = iℏδij . (1.43)

This map motivates the introduction of the Heisenberg picture where states in the Hilbert

space are taken to be constant and all the time dependence is instead put onto the operators.

This is possible since the only measurable property about a quantum theory are its overlap

amplitudes

⟨ϕ|Â|ψ⟩ (1.44)

for any states |ϕ⟩ , |ψ⟩ and any self-adjoint operator Â corresponding to a physical observ-

able. In the commonly used Schrödinger picture, the operator is taken to be constant and

the states to unitarily evolve as

|ϕ⟩ → |ϕ(t)⟩ = U(t) |ϕ(0)⟩ = e−
i
ℏ Ĥt |ϕ(0)⟩ (1.45)
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where Ĥ is the Hamiltonian operator. When computing the overlap

⟨ϕ(t)|Â|ψ(t)⟩ = (⟨ϕ(0)|e
i
ℏ Ĥt)Â(e−

i
ℏ Ĥt|ψ(0)⟩) = ⟨ϕ(0)|(e

i
ℏ ĤtÂe−

i
ℏ Ĥt)|ψ(0)⟩ = ⟨ϕ|Â(t)|ψ⟩

(1.46)

it can be seen that the time evolution can be factored onto the operator to move from

Schrödinger picture, where states evolve according to the Schrödinger equation, to the

Heisenberg picture, where the operators evolve according to the Heisenberg equation

dÂ

dt
= − i

ℏ
[Â, Ĥ] . (1.47)

The solution of this equation reproduces the expected time evolution of Â in (1.46) and is

also consistent with the quantisation map (1.42).

1.2.1 Quantum Harmonic Oscillator

A simple example to test the power of canonical quantisation is a particle of massm moving

in a quadratic potential in d dimensions. Classically, this is described by the action

S =

∫
dt

1

2
mẋ2i −

1

2
mω2x2i (1.48)

where ω is a constant with units of frequency. We may easily compute the classical equa-

tions of motion

ẍi = −ω2xi (1.49)

resulting in d independent second order ODEs. To turn the problem into a Hamiltonian

one, we find the canonical momenta pi = mẋi and the Hamiltonian

H =
p2i
2m

+
1

2
mω2x2i (1.50)

giving Hamilton’s equations

ẋi =
pi
m
, ṗi = −mω2xi . (1.51)

The Hamiltonian picture now makes it easy to find a quantum theory that corresponds to

a harmonic oscillator in the classical limit. To do this, we promote the coordinates xi and

momenta pi to linear operators x̂i, p̂i. The Poisson brackets are telling us that we should

define these to obey the commutation relations

[x̂i, x̂j ] = [p̂i, p̂j ] = 0, [x̂i, p̂j ] = iℏδij (1.52)

and as all operators in the theory are built out of x̂i and p̂i, we have hence specified all

commutation relations. The Hamiltonian operator is given by

Ĥ =
p̂2i
2m

+
1

2
mω2x̂2i . (1.53)
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Having constructed the Hamiltonian operator, we can use the Schrödinger or Heisenberg

equation to figure out how any state of the system will evolve over time. But what does

the Hilbert space look like? To determine this, we define new operators

âi =

√
mω

2ℏ

(
x̂i +

i

mω
p̂i

)
(1.54)

â†i =

√
mω

2ℏ

(
x̂i −

i

mω
p̂i

)
(1.55)

referred to as the lowering and raising ladder operators and obeying the commutation

relation

[âi, â
†
j ] = δij . (1.56)

The Hamiltonian now factorises as

Ĥ = ℏω
(
â†i âi +

d

2

)
(1.57)

where the final constant is understood to multiply an identity operator. The ground state

of the system is the state with the lowest energy. Quantum mechanically we would like to

use the state that gives the lowest expectation value for the Hamiltonian. For a general

state |ψ⟩, we have the identity

⟨ψ|â†i âi|ψ⟩ =
∑
i

||âi |ψ⟩ ||2 ≥ 0 (1.58)

and so the ground state should satisfy âi |0⟩ = 0 for all i. This ground state is an energy

eigenstate

Ĥ |0⟩ = d

2
ℏω (1.59)

and we can reach other energy eigenstates by applying raising operators â†i |0⟩. Applying

the commutation relations we see that applying raising and lowering operators

Ĥ(â†i |ψ⟩) = (â†i Ĥ + ℏω) |ψ⟩ , Ĥ(âi |ψ⟩) = (âiĤ − ℏω) |ψ⟩ (1.60)

raises or lowers the energy of the state by quanta of ℏω. A general energy eigenstate of the

harmonic oscillator is therefore given by applying a sequence of raising operators

(â†1)
n1 ...(â†d)

nd |0⟩ = |n1, ..., nd⟩ (1.61)

and has energy

Ĥ |n1, ...nd⟩ = ℏω
∑
i

(
ni +

1

2

)
(1.62)

which fully specifies the Hilbert space and spectrum of the theory. Having explored this

simple oscillator model, it is easy to modify it to more general setups. For example we may
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wish to have a different constant ω2
i multiply the potential for each direction xi (where

we have suspended summation notation). This preserves the structure of the theory but

modifies the energy of eigenstates to

Ĥ |n1, ...nd⟩ = ℏ
∑
i

(
ωini +

1

2

)
. (1.63)

Another even more generalised version of the model mixes the dimensions with the potential

V (xi) =
1

2
Mijxixj (1.64)

which can arise as a quadratic approximation around a local extremum of the potential

landscape of some more complicated theory. Note that the potential matrix Mij will

always be diagonalisable since the elements are real and contracting with xixj picks out

the symmetric part. If Mij has negative eigenvalues then the Hamiltonian is unbounded

below and hence we cannot make sense of the quantum theory as the system will simply

display runaway behaviour. If Mij has zero eigenvalues then these directions behave like

free particles and so the wave function spreads out from the initial distribution. This can

give a sensible quantum theory but we do not wish to discuss it here. The third case is that

Mij only has positive eigenvalues. In this case we perform an orthogonal transformation

R ∈ O(d) on xi that leaves the kinetic term invariant but brings the potential term into a

diagonalised form. As we learnt before, we must check the Poisson brackets to make sure

this corresponds to a canonical transformation. These are

{Rikxk, Rjlxl} = RikRjl{xk, xl} = 0, {pi, pj} = 0, {Rikxk, pj} = Rik{xk, pj} = Rij

(1.65)

where we have used the linearity of the Poisson bracket. Hmm, this is not quite right. The

canonical momenta should transform with the same transformation as the coordinates.

Plugging this in gives

{Rikxk, Rjlpl} = RikRjl{xk, pl} = RikRjk = (RRT )ij = δij (1.66)

since we have chosen R to be orthogonal. After performing this transformation, we are

back to the case with different constants ω2
i that now correspond to the eigenvalues ofMij .

The final check we would like to make is whether the quantum theory does actually reduce

to the classical theory in the classical limit. For this we will need the commutators

[x̂i, Ĥ] = iℏ
p̂i
m
, [p̂i, Ĥ] = −iℏmω2

i x̂i (1.67)

and work in the Heisenberg picture. In any state, the expectation values now satisfy

d ⟨x̂i⟩
dt

= − i

ℏ
⟨[x̂i, Ĥ]⟩ = ⟨p̂i⟩

m
,
d ⟨p̂i⟩
dt

= − i

ℏ
⟨[p̂i, Ĥ]⟩ = −mω2

i ⟨x̂i⟩ (1.68)

which are indeed Hamilton’s equations for this system. As the expectation values of quan-

tum observable become what we classically understand as their values, this confirms that

in the classical limit the canonically quantised theory reduces to its classical description.

The result (1.68) is sometimes known as the Ehrenfest theorem and can easily be shown

to hold for general Hamiltonian theories.
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1.3 Field Theories

General Relativity is a field theory and so we would like to find out how to implement

Hamiltonian mechanics for classical fields. All actions we construct should be compatible

with special relativity and we will see shortly what constraints this puts on the theories we

can write down.

1.3.1 Scalar Fields

The simplest type of field theory is a scalar theory. A scalar field is simply a function

f = f(x) where x refers to all dimensions of spacetime. Consider a functional F [f(x)] and

define the functional derivative

δF

δf(x′)
= lim

ϵ→0

F [f(x) + ϵδ(x− x′)]− F [f(x)]

ϵ
(1.69)

similarly to a function derivative. Now consider an action of a single scalar field in d

dimensions of spacetime

S[ϕ] =

∫
dt L[ϕ, ϕ̇, t] =

∫
dt dd−1x L(ϕ, ∂ϕ, t) (1.70)

where L is the Lagrangian and the new object L is the Lagrangian density. There are

now important conditions on L for the theory to be compatible with relativity. Most

importantly, L must be local. This means that it may only depend on the fields and their

derivatives evaluated at a single point x instead of mixing contributions from different

points of spacetime. The other requirement is that the Lagrangian density as well as the

integral measure are Lorentz invariant. Practically this means that we should not have any

lose tensor (or spinor) indices hanging around and everything should be paired in a way

that any factors arising from Lorentz transformations are cancelled. Once we have made

sure that this is satisfied we define the conjugate momentum to ϕ as

π(x) =
δL
δϕ̇(x)

(1.71)

where ˙ still refers to derivatives with respect to t. We also define the field theory Poisson

bracket

{X(x), Y (x′)} =

∫
dd−1x′′

[
δX(x)

δϕ(x′′)

δY (x′)

δπ(x′′)
− δY (x′)

δϕ(x′′)

δX(x)

δπ(x′′)

]
(1.72)

which leads to the canonical Poisson bracket

{ϕ(x), π(x′)} = δ(x− x′) (1.73)

treating ϕ and π as independent fields. Having defined Poisson brackets, we are able define

the Hamiltonian

H[ϕ, π, t] =

∫
dd−1x ϕ̇π − L (1.74)
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to state Hamilton’s equations for fields

ϕ̇ = {ϕ,H}, π̇ = {π,H} . (1.75)

To demonstrate how the Hamiltonian approach is applied for field theories, we consider

the action of a free scalar field in 4d Minkowski spacetime

S =

∫
dt d3x − 1

2
∂µϕ∂

µϕ− 1

2
m2ϕ2 =

∫
dt d3x

1

2
ϕ̇2 − 1

2
(∇ϕ)2 − 1

2
m2ϕ2 (1.76)

where we employ the (−,+,+,+) metric signature. We hence find π = ϕ̇ and

H =

∫
d3x

1

2
π2 +

1

2
(∇ϕ)2 + 1

2
m2ϕ2 (1.77)

where we note the Hamiltonian is non-negative. This is good since there is a lower bound

to the energy H ≥ 0 and hence no runaway behaviour. We may now apply Hamilton’s

equations to find

ϕ̇ = {ϕ,H} = π, π̇ = {π,H} = −m2ϕ+∇2ϕ (1.78)

where the first relation is trivially the definition of the canonical momentum and the second

reproduces the canonical form of the Klein-Gordon equation, the expected equation of

motion for a massive scalar field. One drawback of using the Hamiltonian framework

for any relativistic calculations is that it is not manifestly Lorentz invariant. To define

the canonical momentum and Hamiltonian, we had to pick out one time direction which

explicitly breaks Lorentz invariance. Once we follow through with the calculation, the

result should still be compatible with relativity as Hamiltonian mechanics is equivalent

to the manifestly Lorentz invariant Lagrangian approach to field theory. To see this, we

substitute the field Hamilton’s equation into the second to find

ϕ̈−∇2ϕ+m2ϕ = (□+m2)ϕ = 0 (1.79)

which is manifestly Lorentz invariant. When constructing a canonical description of gravity

we will run into a similar issue where we are forced to explicitly break diffeomorphism

invariance by foliating spacetime and only recover it with in the final result.

Naturally, the Hamiltonian considerations on scalar fields can again be used to perform

canonical quantisation. This leads to subject of Quantum Field Theory which has gained

some popularity over the years. This, however, is beyond the scope of what we want to do

here.

1.3.2 Canonical Electromagnetism

Having considered the most simple field theory, we are able to explore a more interesting

field theory describing electromagnetism. Similarly to gravity, Maxwell theory is a gauge

theory and there are many features of canonical electromagnetism we will recognise when

we go on to study gravity in this framework. We start by writing down the Maxwell action

S[Aµ] = −1

4

∫
d4x FµνF

µν (1.80)
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with the field strength defined in the usual way

Fµν = ∂µAν − ∂νAµ (1.81)

where Aµ is the gauge potential. The action is invariant under the gauge transformation

Aµ → Aµ + ∂µλ. Varying the action gives the equation of motion

∂µF
µ
ν = 0 (1.82)

together with the Bianchi identity

∂[µFνρ] = 0 (1.83)

which is satisfied trivially through (1.81). The gauge potential and gauge-invariant field

strength are related to the physical electric and magnetic fields by

Ei = Fi0 = Ȧi − ∂iA0, Bi =
1

2
ϵijkFjk = ϵijk∂jAk . (1.84)

The action can now be rewritten as

S =

∫
dt d3x

1

2
F0iF0i −

1

4
FijFij

=

∫
dt d3x

1

2
Ȧ2

i − (∂iA0)Ȧi + (∂iA0)
2 − 1

2
∂iAj∂iAj +

1

2
∂jAi∂iAj (1.85)

where it is easy to determine the conjugate momenta

πi = Ȧi − ∂iA0 = Ei (1.86)

and π0 = 0. It may be slightly concerning that one of the conjugate momenta is zero but

we push on for now. As we will see this is a common feature of gauge theories. We can

propose the näıve Hamiltonian

H =

∫
d3x πiȦi − L =

∫
d3x

1

2
π2i +

1

2
B2

i + πi∂iA0 (1.87)

however this cannot be fully correct since we have not enforced the primary constraint

π0 = 0. We do this using a Lagrange multiplier ν1 and propose

H =

∫
d3x

1

2
π2i +

1

2
B2

i −A0∂iπi + ν1π0 (1.88)

where we have integrated by parts on the third term. This does not work again since now

π̇0 = − δH

δA0
= ∂iπi (1.89)

which is not generally zero. This gives a secondary constraint ∂iπi = 0, known as Gauss’

law, that we will again fix using a Lagrange multiplier ν2. We can now finally propose the

correct Hamiltonian

H =

∫
d3x

1

2
π2i +

1

2
B2

i + (ν2 −A0)∂iπi + ν1π0 (1.90)
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where we can now use the equations of motion for A0 and Ai

Ȧ0 =
δH

δπ0
= ν1 (1.91)

Ȧi =
δH

δπi
= πi + ∂i(A0 − ν2) (1.92)

to determine the Lagrange multipliers. These tell us that we can fix ν1 = Ȧ0 and ν2 = 0.

Hence the Hamiltonian

H =

∫
d3x

1

2
π2i +

1

2
B2

i −A0∂iπi + Ȧ0π0 (1.93)

reproduces the correct Maxwell equations as the Hamilton’s equations for π0 and πi. We

could now go on to fix the gauge freedom but first we will take an excursion to the land of

constraints to find a more systematic way of constraining the Hamiltonian correctly.

1.4 Constraints

When constructing Hamiltonians as in the case of electromagnetism, we may find the need

to impose constraints on the system. We will label these primary constraints as ϕα = 0

where ϕα is an analytic function of the degrees of freedom of the system and we require the

constraints to be linearly independent. Consider an unconstrained system with phase space

variables {qi}, {pi} and Hamiltonian H(qi, pi). The constrained Hamiltonian is constructed

by the addition of constraint terms

H̃(qi, pi) = H(qi, pi) + ναϕα(qi, pi) (1.94)

where να are the Lagrange multipliers. An equivalent definition also applied to field theories

where the implicit sum is exchanged for an integral. The constrained Hamiltonian changes

the Poisson brackets to

q̇i = {qi, H̃} =
∂H

∂pi
+ να

∂ϕα
∂pi

, ṗi = {pi, H̃} = −∂H
∂qi

− να
∂ϕα
∂qi

(1.95)

as well as introducing new Poisson brackets

ϕ̇α = {ϕα, H̃} = {ϕα, H}+ νβ{ϕα, ϕβ} = 0 (1.96)

which give either conditions on να or new secondary constraints. This process is repeated

until there are no new constraints introduced by the existing constraints.

Consider any analytic function A(qi, pi) and its Poisson bracket {A, ϕα} with the con-

straints. If this Poisson bracket is zero for all α then A is considered first class. If not then

A is second class. As constraints are always analytic functions of the phase space variables,

they can themselves be classified into first class ψα and second class χα constraints. For

second class constraints we define

{χα, χβ} = Cαβ . (1.97)
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We require the determinant of Cαβ to be non-zero since otherwise there are combinations

of second class constraints that are actually first class and hence the set {χα} is reducible.

Therefore, we are able to introduce the prime operation ′ that acts on functions A as

A→ A′ = A− {A,χα}C−1
αβχβ (1.98)

such that

{A′, χγ} = {A,χγ} − {A,χα}C−1
αβ {χβ, χγ} = 0 . (1.99)

This motivates us to define the Dirac bracket

{A,B}D = {A′, B} = {A,B′} = {A′, B′} = {A,B} − {A,χα}C−1
αβ {χβ, B} (1.100)

which can be shown to satisfy

{C,χγ}D = 0 (1.101)

for any analytic function C(qi, pi). Now take the primed Hamiltonian

H ′ = H − {H,χα}C−1
αβχβ (1.102)

which automatically satisfies

χ̇α = {χα, H
′} = 0 (1.103)

for all second class constraints χα. Hence we can identify H ′ with H̃ to find that

νβ = −{H,χα}C−1
αβ (1.104)

for second class constraints. We have now shown that the Lagrange multipliers can be

determined for second class constraints by the requirement that constraints stay satisfied.

For a general function A we can now find that

Ȧ = {A,H}D (1.105)

gives the time evolution subject to second class constraints. Now let us turn our eyes to first

class constraints. These are usually associated with fixing gauge freedom. We introduce

the gauge conditions Gα = 0. Looking at second class constraints, we decide that a choice

of gauge is sensible if

det({ϕα, Gβ}) ̸= 0 (1.106)

such that we can treat the set of constraints {ϕα} = {χα} ∪ {ψα} ∪ {Gα} on equal footing

as second class constraints. It is important to emphasise that for this to work, we must

choose Gα to satisfy (1.106).
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1.4.1 Canonical Electromagnetism Rebooted

Armed with the knowledge of constraints, we can now look at electromagnetism through

this lens. At first, we only have the primary constraint π0 = 0 which satisfies {π0(x), π0(x′)} =

0 and so is first class. The secondary constraint π̇0 = 0 requires ∂iπi = 0 which can also be

shown to be first class. The gauge choice we will make is radiation gauge A0 = 0, ∂iAi = 0.

These contribute to the fully constrained Hamiltonian

H̃ =

∫
d3x

1

2
π2i +

1

2
B2

i + πi∂iA0 + ν1π0 + ν2∂iπi + ν3A0 + ν4∂iAi . (1.107)

Treating all constraints as second class constraints, we can find the Poisson matrix

Cαβ =


0 0 1 0

0 0 0 ∂2x
−1 0 0 0

0 −∂2x 0 0

 δ(x− x′) (1.108)

which is invertible. Using the Green’s function of the Laplacian operator as inverse, we

find

C−1
αβ =


0 0 −δ(x− x′) 0

0 0 0 1
4π|x−x′|

δ(x− x′) 0 0 0

0 −1
4π|x−x′| 0 0

 . (1.109)

This tells us that the gauge choice of radiation gauge is a sensible one. Now let us see what

it tells us about the Lagrange multipliers. For ν1 we find

ν1 = −{H,
∫
d3x χ3(x)}C−1

31 = Ȧ0 (1.110)

as expected. We obtain similar results for the other Lagrange multipliers

ν2 = −{H,
∫
d3x χ4(x)}C−1

42 = ∂iπi + ∂2A0 (1.111)

ν3 = −{H,
∫
d3x χ1(x)}C−1

13 = ∂iπi (1.112)

ν4 = −{H,
∫
d3x χ2(x)}C−1

24 = 0 (1.113)

which produce the correct Maxwell equations when computing Poisson brackets with H ′.

All the constraints such as {π0, H ′} = 0 are automatically satisfied now. This gives us a

more systematic way to constrain a Hamiltonian system.
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2 Foliation and Causal Structure

Studying the Hamiltonian approach to field theories in Minkowski spacetime, we learnt

that we have to perform a 3+1 decomposition, picking a time direction, to be able to

determine the Hamiltonian. While this approach explicitly breaks Lorentz invariance, the

results will turn out not to depend on what time function we picked and are hence Lorentz

invariant.

2.1 Spacelike Hypersurfaces

Consider a four-dimensional spacetime (M, g) and pick a function f(xa) such that f = 0

describes a 3-surface with timelike unit normal na = λ∇af , i.e. nan
a = −1, where ∇ is

the Levi-Civita connection on the Lorentzian manifold. Therefore the set of points where

f = 0 describe a spacelike hypersurface Σ. The induced metric (or first fundamental form)

on the hypersurface

hab = gab + nanb (2.1)

is Riemannian as no two points on the hypersurface can be connected by a timelike or null

curve. It is now possible to decompose any vector V a into

V a = gabV
b = habV

b − nanbV
b (2.2)

a piece in Σ and a piece normal to Σ. We may hence treat the induced metric hab as a

projection operator into the hypersurface. To this end we define the extrinsic curvature

(or second fundamental form)

Kab = −1

2
Lnhab = hcah

d
b∇cnd (2.3)

which acts as the first-order time derivative of the metric on the hypersurface. We may now

treat the triple (Σ, hab,Kab) as a set of initial data for the second-order Einstein equation

but first we will define more structure on Σ. Naturally, we define the covariant derivative

on the hypersurface as

DeT
ab...

cd.... = he
′
eh

a
a′h

b
b′ ...h

c′
ch

d′
d...∇e′T

a′b′...
c′d′.... (2.4)

which can be shown to obey

Dahbc = 0 (2.5)

and is hence metric compatible on the Riemannian manifold (Σ, h). As D also inherits the

torsion-free nature of ∇, the Fundamental Theorem of Riemannian Geometry guarantees

that it is the unique Levi-Civita connection associated with hab. We are now also able

to compute the three-dimensional Riemann tensor (3)Rabcd defined by the commutator of

covariant derivatives

DaDbVc −DbDaVc =
(3)R d

abc Vd . (2.6)
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This can be expanded in terms of the four-dimensional Riemann tensor Rabcd by Gauss’

equation

(3)Rabcd = ha
′
ah

b′
bh

c′
ch

d′
dRa′b′c′d′ −KacKbd +KadKbc (2.7)

which can be shown to preserve the expected symmetries of the Riemann tensor. If we

start contracting components we arrive at the formulas for the Ricci tensor

(3)Rac = ha
′
ah

b′d′hc
′
cRa′b′c′d′ −KKac +KadK

d
c (2.8)

and the Ricci scalar

(3)R = R+ 2Racn
anc −K2 +KabK

ab (2.9)

where Rab and R are the four-dimensional Ricci tensor and Ricci scalar and K = Kabh
ab =

∇an
a is the trace of the intrinsic curvature. Another useful relation is Codazzi’s equation

DaK
a
b −DbK = Racn

chab (2.10)

which can be shown by computing D[aKb]c and contracting with hac. The Gauss-Codazzi

equations now encode the decomposition of the Ricci tensor into tangential and normal

components to the hypersurface.

2.2 Foliation

Having studied one spacelike hypersurface, we will now layer spacetime with many. Con-

sider again the function f(xa) but with the additional requirement that f(xa) = t for any

constant t defines a unique spacelike hypersurface. This allows us to define a monotone

time-function t and label the spacelike hypersurfaces of constant time Σ(t). To make sure

it is possible to choose such a function f , we must additionally assume that there are no

obstructions such as changes in topology of the spacetime or boundaries that prevent us

from choosing a global time function. We will describe later the mathematical requirement

of the manifold to ensure this.

Let’s also define a set of coordinates {xi} on the spacelike slices Σ(t) such that the metric

decomposes into the general form

ds2 = −α2dt2 + γij(dx
i + βidt)(dxj + βjdt) (2.11)

where α is the lapse and βi is the shift. The spacelike metric γij is equivalent to the induced

metric hab on each slice Σ(t) in the coordinate basis defined by {xi}. Writing in matrix

form, we hence find

gab =

(
−α2 + βkβ

k βi
βj γij

)
, gab =

(
− 1

α2
βi

α2

βi

α2 γij − βiβj

α2

)
(2.12)

where we may assume α > 0 with out loss of generality. In the coordinate chart {t, xi},
the timelike normal is now na = λ(1, 0, 0, 0) with na = λ(−1/α2, βi/α2). To ensure na is a

unit vector, we hence pick λ = −α.
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2.3 Penrose Diagrams

In the above we mentioned the triple (Σ, hab,Kab) is a set of initial data for the second-

order Einstein equation. We will now find out the limits of this by studying the causal

structure of spacetime. The best way to do this is by visualising the different regions and

asymptotic behaviours of any given spacetime. As spacetimes are (usually) infinitely big

and four-dimensional, this is not an easy task and we would ideally like to make them more

compact to look at a two-dimensional and finitely-sized diagram. This can be done through

a process known as conformal compactification which preserves the causal structure of the

spacetime and gives us a Penrose diagram. We will explore how to do this for Minkowski

space but the procedure is similar for any other reasonable spacetime. The key insight

to conformal compactification is that two spacetimes (M, g) and (M′, g′) with M ⊆ M′

possess the same null geodesics if the metrics are related by a conformal transformation

g′ = ω2g (2.13)

where ω is a positive function on the manifold. We now start with Minkowski spacetime

in polar coordinates

ds2 = −dt2 + dr2 + r2dΩ2 (2.14)

where dΩ2 gives the line element on the angular space S2. We notice the ranges of the

coordinates are −∞ < t < ∞ and 0 ≤ r < ∞. Next we define advanced u = t + r and

retarded v = t− r null coordinates so the metric takes the form

ds2 = −dudv + 1

4
(v − u)2dΩ2 (2.15)

where the new ranges of the coordinates are −∞ < u ≤ v < ∞. We now choose compact

coordinates u = tan p and v = tan q to give

ds2 = sec2 p sec2 q

(
−dpdq + 1

4
sin2(p− q)dΩ2

)
(2.16)

with ranges −π
2 ≤ p ≤ q ≤ π

2 . At this point the metric (2.16) is still the Minkowski metric

but now we suffer a coordinate singularity where the metric degenerates at the edges of

the coordinate ranges. This is expected to happen as we are cramming an infinite amount

of real space into a finite coordinate range. To mitigate this issue, we perform a conformal

transformation to get rid of the diverging factor

ds2 = −dpdq + 1

4
sin2(p− q)dΩ2 . (2.17)

We are now able to yet again change coordinates to p = T − R and q = T + R for a last

time to see that our metric has turned into

ds2 = −dT 2 + dR2 +
1

4
sin2(2R)dΩ2 (2.18)

the Einstein static universe with topology R× S3 but importantly finite ranges on all the

coordinates.
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r
=

0

I+

I−

i+

i−

i0

Figure 1: Penrose diagram of 4d Minkowski spacetime.

We may ignore the angular directions, as they do not add to the causal structure, and

display the spacetime on a Penrose diagram where T forms the vertical axis and R the

horizontal axis. This can be seen in fig. 1. It now looks like the spacetime has three

boundaries. The line R = r = 0 is not a real boundary but rather the centre of the

spacetime. As we have chosen to disregard angular directions, we have to remember that

each point in the diagram, apart from the axis r = 0, corresponds to a transverse S2 space

with radius r. The other lines labelled with I+ and I− correspond to future and past

null infinities and are hence real boundaries of the spacetime (even if they are infinitely far

away in real space!). The points labelled with i− and i+ are the past and future timelike

infinities where all timelike curves originate and end up. Finally i0 corresponds to spacelike

infinity where all spacelike curves start and end.

The unphysical spacetime described by the metric (2.18) has the same null geodesics as

the Minkowski spacetime we started in and hence future-directed light rays still travel

upwards on 45° angles, originating at I−, reflecting at the centre r = 0 and ending on I+.

Therefore light cones in the Penrose diagram look the same as we would expect in a regular

space-time diagram of flat spacetime.

We are now equipped, in principle, to construct the Penrose diagram for any spacetime

although in practise this may be complicated. Penrose diagrams in general allow us to look

at purely the causal nature of the spacetime with all other complications stripped away.

2.4 Initial Value Problem

Any good classical theory has a well-posed initial value problem. This means that, given

a valid set of initial data, we should be able to use the equations of motion to find a

unique solution in a certain region of the spacetime. For general relativity, a theorem

due to Madame Choquet-Bruhat guarantees that this holds true. We will now use causal
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structure to find out what region of spacetime we can find a solution for using a set of initial

data. We choose a real scalar field ϕ on a general background with equation of motion

(□−m2)ϕ = 0 (2.19)

where □ is the D’Alembert operator on our spacetime. If we include sources, this equation

can be solved using a retarded Green’s function defined by

(□−m2)G(x, t;x′, t′) = δ(x− x′)δ(t− t′) (2.20)

where (t′, x′) is the location of the delta function source. We write the field as

ϕ(x, t) =

∫
dt′ d3x′ δ(x− x′)δ(t− t′)ϕ(x′, t′)

=

∫
dt′ d3x′ (□−m2)G(x, t;x′, t′)ϕ(x′, t′) . (2.21)

Now we note the retarded Green’s function G(x, t;x′, t′) vanishes outside of the past light

cone starting on (t, x). It is therefore possible to choose an integration volume just outside

of the past light cone without loss of generality.

(t, x)

Σ

G = 0G ̸= 0

Figure 2: Past light cone starting on (t, x).

This is shown in fig. 2 where we choose integration just outside the past light cone and

along the spacelike hypersurface Σ. Integrating by parts, we get a bulk term that vanishes

by the Klein-Gordon equation (2.19) and a boundary term that vanishes everywhere except

on Σ. This boundary term is

ϕ(x, t) =

∫
Σ

d3x′ ϕĠ− ϕ̇G (2.22)

where we can see that we need only specify ϕ and π on the portion of Σ intersecting the

past light cone to find the full solution.

This motivates us to define the inverse of what we have just constructed. The future

domain of dependence D+(Σ) of a spacelike hypersurface Σ is the set of points p ∈ M
such that every past-inextendible causal curve starting on p has to intersect Σ. The past

domain of dependence D−(Σ) is defined similarly as the set of points p ∈ M such that

every future-inextendible curve starting on p has to intersect Σ. The union of these regions

is known as the domain of dependence D(Σ) = D+(Σ)∪D−(Σ). It is easy to see now that

specifying initial data (ϕ, π) on Σ allows us to use retarded and advanced Green’s functions
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to determine the full solution in D(Σ). This results turns out to be true for any classical

theory with a well-posed initial value problem.

If there exists a surface Σ such that D(Σ) = M then the manifold (M, g) is said to be

globally hyperbolic. In this case there exists a theorem that guarantees we can choose a

global time function, as discussed above. The surface Σ is then called a Cauchy hypersur-

face.

r
=

0

I+

I−

Σ

i+

i−

i0

Figure 3: Cauchy hypersurface in Minkowski spacetime.

For Minkowski spacetime, we can use the Penrose diagram as shown in fig. 3 to easily

see that the domain of dependence associated with the Cauchy hypersurface Σ covers the

whole manifold. Hence flat spacetime is globally hyperbolic. Since t is one of our usual

coordinates in Minkowski spacetime, we may choose this as global time function.

I+

I−

Σ1

Σ2

Figure 4: Hypersurfaces in maximally extended Schwarzschild spacetime.

For Schwarzschild spacetime the situation is not so simple anymore. First, let’s talk about
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the Penrose diagram. The Schwarzschild metric in Schwarzschild coordinates is given by

ds2 = −
(
1− 2M

r

)
dt2 +

dr2

1− 2M
r

+ r2dΩ2 (2.23)

where the maximum range of the r coordinate is 2M < r < ∞ since we cannot continue

beyond the singularity in the grr component. Famously though, this singularity is not a

real singularity but just a coordinate singularity as we have seen before. To get rid of this,

we may choose Eddington-Finkelstein or Kruskal coordinates to analytically continue the

metric to r ≤ 2M until we hit the singularity at r = 0 which is physical and so cannot be

removed by a coordinate change. The Kruskal coordinates are then the coordinates that

give us the maximal extension where each edge of the spacetime either corresponds to a

physical singularity or an asymptotically flat end. Conformally compactifying this gives

the Penrose diagram as shown in fig. 4.

We can see two different choices of hypersurface in fig. 4. Physically, we should really pick

Σ1 since we only have access to data outside the event horizon but then we run into the

problem that only the exterior of the black hole is included in the domain of dependence so

we cannot treat the interior of the black hole as physical if we want a globally hyperbolic

spacetime. To fix this, we may choose the hypersurface Σ2 in which case clearly the

whole maximal analytic extension of the Schwarzschild metric is included in the domain of

dependence. However, this is not very helpful in real initial value problems since we will

never have access to the data of the parallel universe. Therefore we go back to Σ1 and

treat the interior of the black hole as unknown. Cutting out this region yields a globally

hyperbolic spacetime with global time function t in Schwarzschild coordinates.
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3 Hamiltonian Formulation of Gravity

We now combine all of the tricks we learnt so far and formulate a Hamiltonian theory

of classical general relativity. We first choose a foliation Σ(t) of spacetime and write the

metric in the form

ds2 = −α2dt2 + γij(dx
i + βidt)(dxj + βjdt) (3.1)

which has the properties discussed earlier. On the hypersurface we now find the extrinsic

curvature

Kij = haih
b
j∇anb (3.2)

where hab = gab+nanb is the induced metric on each Σ(t) and na is the unit normal. Using

na = (−α, 0, 0, 0) we find

h00 = 0, hi0 = −βi, h0i = 0, hij = δij (3.3)

and so the extrinsic curvature simplifies to

Kij = Γ0
ijn0 (3.4)

where

Γ0
ij =

1

2
g00(∂ig0j + ∂jg0i − ∂0gij) +

1

2
g0k(∂igjk + ∂jgik − ∂kgij)

=
1

2

(
− 1

α2

)
(−γ̇ij + ∂iβj + ∂jβi) +

βk
α2

(3)Γk
ij = − 1

2α
(Diβj +Djβi − γ̇ij) . (3.5)

Gauss’ and Codazzi’s equations together with
√
−g = α

√
γ allow us to decompose the

Einstein-Hilbert action as

S =
1

16π

∫
d4x

√
−g (R− 2Λ)

=
1

16π

∫
dt d3xα

√
γ((3)R+KijKij −K2 + 2Rabn

anb − 2Λ) (3.6)

where 2Rabn
anb is a boundary term. From now on, we will drop the pre-factor of the

action since it does not affect the equations of motion. As an aside, the Dirac delta

function δ(x − x′) looks like a scalar but is actually a density of weight −1. This usually

does not make a difference but when applying covariant derivatives

∇jδ(x− x′) = ∂jδ(x− x′)− Γk
kjδ(x− x′) (3.7)

we see that it behaves differently. This behaviour is important to make sure that the

definition of the delta function

f(x) =

∫
d3x′

√
γ δ(x− x′)f(x′) (3.8)
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is consistent in curved spacetime. We now want to construct a Hamiltonian of gravity. The

canonical momenta are derived from the action as

π = 0, πi = 0, πij =
√
γ(Kij − γijK) (3.9)

where π is associated with α, πi is associated with βi and πij is the canonical momentum

with respect to γij . We notice that many of the momenta are zero but since this also

happened in electromagnetism, we now know how to deal with this. Our first attempt at

a Hamiltonian is then

H =

∫
d3x πij γ̇ij − α

√
γ((3)R+KijKij −K2 − 2Λ) + νπ + λiπ

i

=

∫
d3x

α
√
γ
πijπij −

1

2

α
√
γ
(πkk)

2 − α
√
γ((3)R− 2Λ)− 2βiDiπ

ij + νπ + λiπ
i (3.10)

where we have imposed the zero momenta as primary constraints with Lagrange multipliers

ν and λi. We can again find secondary constraints by finding the time derivatives of the

constraints

π̇ =
δH

δα
=

1
√
γ

(
πijπij −

1

2
(πkk)

2

)
−√

γ((3)R− 2Λ) = 0 (3.11)

known as the Hamiltonian constraint H and

π̇i =
δH

δβi
= −Djπ

ij = 0 (3.12)

known as the diffeomorphism constraint χi. The correct Hamiltonian is therefore

H =

∫
d3x πα̇+ πiβi + αH+ βiχ

i (3.13)

where we have determined the Lagrange multipliers. The Hamiltonian consists only of

constraints and vanishes. This is not a problem however as we only care about the variation

of the Hamiltonian which does not vanish in general. To obtain the evolution equations,

we must pick a gauge. We pick Gaussian gauge α = βi = 0 and can find the equations

of motion using Poisson brackets. Before we do this, we make an observation about the

Hamiltonian constraint. The Hamiltonian constraint can be written in the suggestive form

H = Gijklπ
ijπkl −√

γ((3)R− 2Λ) (3.14)

which vaguely looks like a Hamiltonian for a particle moving in a potential. We will get

back to this later. The brackets mostly become trivial at this point except

γ̇ij = 2Gijklπ
kl (3.15)

and π̇ij which together reproduce the Einstein equation. Therefore given initial data

(Σ, γij , πij) satisfying the Hamiltonian and diffeomorphism constraints, we may use the

equations of motion to evolve it forward and backward in time within the domain of de-

pendence D(Σ).
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The Hamiltonian is also modified if we add matter to the equation. For example consider

a scalar field with matter action

S =

∫
d4x

√
−g − 1

2
gab∂aϕ∂bϕ− V (ϕ) (3.16)

where V (ϕ) is a general polynomial potential term. Expanding the foliation metric we can

rewrite the action as

S =

∫
dt d3xα

√
γ

(
1

2

ϕ̇2

α2
− βi

α2
ϕ̇∂iϕ− 1

2

[
γij − βiβj

α2

]
∂iϕ∂jϕ− V (ϕ)

)
(3.17)

where we may read off the canonical momentum

πϕ =
√
γ
ϕ̇

α
−√

γ
βi

α
∂iϕ . (3.18)

Adding a scalar field hence adds the term∫
d3x α

(
π2ϕ
2
√
γ
+

1

2

√
γγij∂iϕ∂jϕ+

√
γV (ϕ)

)
+ βiπϕ∂iϕ (3.19)

to the Hamiltonian. The first term modifies the Hamiltonian constraint toH+1
2(matter energy density)

and the second term modifies the diffeomorphism constraint to χi + πϕ∂iϕ. We can now

use these modified constraints to follow the same procedure for finding the equations of

motion as for vacuum gravity.

3.1 Hamiltonian Constraint

To understand the evolution of the metric in the canonical approach, we study the Hamil-

tonian constraint

H = Gijklπ
ijπkl −√

γ((3)R− 2Λ) (3.20)

where we now explicitly identify the terms with the kinetic and potential terms of a particle.

Writing down the action for a particle in a potential

S =

∫
ds

1

2
gabẋ

aẋb − V (x) (3.21)

we can compute the canonical momenta pa = gabẋ
b and find the Hamiltonian

H =
1

2
gabpapb + V (x) (3.22)

where we learn that the factor Gijkl multiplying the momenta behaves like an inverse

metric. The metric Gijkl this gives should have the property

GijklGklmn =
1

2
(δimδ

j
n + δjmδ

i
n) (3.23)

– 26 –



to preserve the symmetries of the tensors. We can therefore construct the metric

Gijkl =
1

2

√
γ(γikγjl + γilγjk − 2γijγkl) (3.24)

which gives a measure on the space of symmetric rank 2 tensors, superspace, on the space-

like hypersurface Σ(t), parametrised by γij . Suppose we have two metrics γij and γij+dγij .

We are now able to compute their distance in superspace as

ds2 = Gijkldγijdγkl (3.25)

where we say that any pair of 3-geometries separated by dγij are apart a distance of ds at a

point. To find the distance between two geometries in the whole space, we must integrate

dS2 =

∫
d3x Gijkldγijdγkl (3.26)

which defines the DeWitt metric. This metric has the nice property that two metrics

separated by a diffeomorphism dγij = D(iξj) give dS = 0 and so the measure correctly

picks out physically equivalent configurations.

For any metric perturbation dγij , we have a 3x3 symmetric matrix and so six components.

Therefore we should be able to represent Gijkl in a more usual form as a 6x6 matrix. Take

for example a conformal transformation where dγij = λγij . The distance function can be

written as

Gijkldγijdγkl = −6
√
γλ2 (3.27)

where we see that the 6x6 metric cannot be Riemannian as the distance has a negative

sign. Hence we pick coordinates ζ =
√

32
3 γ

1/4 and ζA, A = 1, 2, 3, 4, 5 on the space of

symmetric tensors where ζ parametrises conformal transformations and ζA describe other

transformations orthogonal to this. The metric in these coordinates is

GAB =

(
−1 0

0 ζ2ḠAB

)
(3.28)

which is a cone over ḠAB

ds2 = −dζ2 + ζ2ḠABdζ
AdζB . (3.29)

The geometry ḠAB can also be written as

ḠAB = tr(γ−1γ,Aγ
−1γ,B) (3.30)

where we trace over the spatial indices on the hypersurface Σ(t). The curvature of ḠAB is

RABCD = k(ḠACḠBD − ḠADḠBC), k < 0 (3.31)

where we can see that ḠAB is positive-definite and so must be a 5d hyperboloid. We also

see that R is covariantly constant and hence the 5d space must be maximally symmetric.
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This strongly restricts the options for possible spaces. In fact the space of 3x3 symmetric

matrices with unit determinant (as we fixed scaling) is SL(3)/SO(3) which matches our

dimension of 5. Now the overall scalar curvature including scaling is

(6)R = −60

ζ2
(3.32)

which tells us there is some form of singularity as ζ → 0. Topologically, we see that GAB

lives on SL(3)/SO(3)⊕ R+ at each point in space.

3.2 Hamiltonian Einstein Equation

We would now like to analyse the Hamiltonian Einstein equation and see if we can extract

any information about its solutions. The Einstein equation derived from action principles

is equivalently reproduced by

γ̇ij = {γij , H}, π̇ij = {πij , H} . (3.33)

To solve these, we pick a convenient gauge

α =
1

2

1√∫
d3x

√
γ (3)R

, βi = 0 (3.34)

such that the equations are equivalent to the system of second order ODEs

d2γij
dt2

− dγik
dt

dγjl
dt

γkl +
1

2

dγij
dt

dγkl
dt

γkl +
1

4
√
γ
γijG

klmndγkl
dt

dγmn

dt
= −2

(
(3)Rij −

1

4
γij

(3)R

)
.

(3.35)

This is remarkable because without the RHS curvature term, we exactly have the geodesic

equation in SL(3)/SO(3)⊕ R+ at each point in space. The curvature term is responsible

for coupling together different points in space like a force. Fixing α and βi, the spacetime

traces out a curve in the space of all metrics on surfaces of constant time Σ(t). We will

call this space of 3-metrics modulo coordinate transformations superspace. Hence any

spacetime is a trajectory in superspace.

So far we have ignored the possibility for boundary terms however if we are dealing with

an asymptotically flat, as seen above, or an asymptotically Anti-deSitter (AdS) spacetime,

we may add an extra piece

1

16π

∫
dSkα

√
γγij(γik,j − γij,k) (3.36)

to the Hamiltonian. For asymptotically flat or asymptotically AdS spacetimes, this is the

ADM mass.

3.2.1 Cosmology

Restricting the number of degrees of spacetime even further, we can simlify our motion

in superspace to minisuperspace. This is the case for a simple cosmological model of the

FLRW metric in a topologically closed universe

ds2 = −dt2 + a(t)2dΩ2
3 (3.37)
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where dΩ2
3 is the round metric on spatial S3 slices. We therefore identify γijdx

idxj =

a(t)2dΩ2
3 where our only degree of freedom is the scale factor a(t). We see that the metric

is already in a gauge α = 1 and βi = 0 so we can find the Ricci curvature

(3)Rij =
2γij
a2

, (3)R =
6

a2
(3.38)

and the extrinsic curvature

Kij = aȧγij . (3.39)

This allows us to write the action in minisuperspace as

S =

∫
dt d3x

√
γ((3)R+KijK

ij −K2 − 2Λ) =

∫
dt 6a− 6aȧ2 − 2Λa3 (3.40)

where we have dropped an overall numerical factor in the last step. The canonical momen-

tum for a is πa = −12aȧ. This gives the Hamiltonian

H = − π2a
24a

− 6a+ 2Λa3 (3.41)

where we again see that the kinetic term for a has the wrong sign because it corresponds

to a conformal transformation. Hamilton’s equations become

ȧ = − πa
12a

, π̇a = 6− 6Λa2 − π2a
24a2

. (3.42)

This can be solved for Λ > 0 to get the well-known de Sitter metric

a(t) =

√
Λ

3
cosh

(√
3

Λ
t

)
, πa(t) = −

√
12Λ sinh

(
2

√
3

Λ
t

)
(3.43)

of an exponentially expanding universe. It turns out for Λ ≤ 0, there are no real solutions

to (3.42).

3.2.2 Kasner Universe

Another interesting geometry to look at in minisuperspace is the Kasner universe. It is

believed to describe the behaviour of spacetime close to a singularity like the big bang. In

Cartesian coordinates, we write

ds2 = −dt2 + a(t)2dx2 + b(t)2dy2 + c(t)2dz2 (3.44)

which is a generally anisotropic but homogeneous version of the FLRW metric. On surfaces

of constant t, the extrinsic curvature is

Kij = diag(aȧ, bḃ, cċ) (3.45)

and (3)R = 0. The minisuperspace action is hence

S =

∫
dt abc

(
−2ȧḃ

ab
− 2ḃċ

bc
− 2ċȧ

ca

)
(3.46)
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which gives canonical momenta πa = −2(bc)̇, πb = −2(ca)̇, πc = −2(ab)̇. We again

determine the Hamiltonian

H =
1

8

(
aπ2a
bc

+
bπ2b
ca

+
cπ2c
ab

)
− 1

4

(πaπb
c

+
πbπc
a

+
πcπa
b

)
(3.47)

and find Hamilton’s equations

ȧ =
1

4bc
(aπa − bπb − cπc), π̇a = −π

2
a

bc
+

1

8a2bc
(πbb− πcc)

2 (3.48)

with the remaining equations differing by a cyclic permutation of a, b and c. These equa-

tions can be solved using an ansatz a = tp1 , b = tp2 , c = tp3 and enforcing H = 0. These

give the conditions p1p2 + p2p3 + p3p1 = 0 and p1 + p2 + p3 = 1. Combining this with the

Hamiltonian constraint we obtain p21 + p22 + p23 = 1 and p1 + p2 + p3 = 1. This means we

can either have two pi positive and one negative or have two pi zero and the last equal to

one. The latter gives Rindler spacetime which can be written as

ds2 = −dt2 + t2dx2 + dy2 + dz2 . (3.49)

As an aside, for any choice of pi, the conditions ensure that abc ∼ t and hence the volume of

the spacetime is linearly increasing in time. We also have R ∼ 1/t2 and so we always have

a singularity at t = 0. This is necessary if we want the metric to describe the spacetime

near the big bang. We will study the dynamics of this spacetime in more detail later.
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4 Canonical Quantisation of Gravity

One of the most interesting features of having a Hamiltonian formulation of gravity is

that it is now possible to embed gravity into the framework of quantum mechanics using

canonical quantisation. Thereby we would like to promote the observables to Hermitian

operators and replace Poisson or Dirac brackets

{γij(x), πkl(x′)} =
1

2
(δkiδ

l
j + δkjδ

l
i)δ(x− x′) (4.1)

by commutators. One representation of this algebra maps

πij(x) → −iℏ δ

δγij(x)
. (4.2)

which allows us to promote the constraints H and χi to operators Ĥ and χ̂i. As classically

H = χi = 0, we need to impose

Ĥψ = χiψ = 0 (4.3)

on all states ψ in the Hilbert space.

4.1 Wheeler-DeWitt Equation

We will now look at the constraint equation Ĥψ = 0 in more detail. This equation is known

as the Wheeler-DeWitt equation and is key to producing a consistent quantum theory of

gravity. We can expand this as[
−ℏ2Gijkl

δ

δγij

δ

δγkl
−√

γ

(
R− 2Λ +

1

2
(matter energy density)

)]
ψ = 0 (4.4)

where the first term again acts like a massless Klein-Gordon equation at each point in

space and the second term provides an effective mass. Naturally, this equation inherits

the same interpretational problem as Klein-Gordon wave functions (for example negative

probabilities) but we will ignore this for now and push on with the Klein-Gordon analysis.

Consider a Klein-Gordon equation

(−ℏ2□+m2)ϕ = 0 (4.5)

in any spacetime and use a semiclassical WKB approximation ϕ = AeiS/ℏ to solve it.

Expanding in powers of ℏ, we get

□ϕ = gab
(
∇a∇bA+

2i

ℏ
∇aS∇bA+

i

ℏ
A∇a∇bS − 1

ℏ2
A∇a∇bS

)
e

i
ℏS (4.6)

where we can see that if we take ℏ → 0 in the classical limit, the Klein-Gordon equation

turns into

∇aS∇aS +m2 = 0 . (4.7)
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We can then add a little bit of quantumness at the next order

2∇aS∇aA+ iA∇a∇aS = 0 (4.8)

which modifies the amplitude A of the wave function. Identifying ∇aS with the momentum

pa reproduces the expected dispersion relation p2 +m2 = 0. We can also show that this

momentum pa objeys the geodesic equation

pa∇apb = ∇aS∇a∇bS = ∇a∇b∇aS =
1

2
∇b(∇aS∇aS) =

1

2
∇b(−m2) = 0 . (4.9)

Now we would like to import the WKB approximation for the Wheeler-DeWitt equation

to see how quantum gravity reproduces classical gravity in this limit. We will have a wave

function ψ(3-geometry) that encodes the quantum mechanical distribution in the space of

3-geometries. The WKB approximation should then allow us to reproduce the classical

behaviour with quantum corrections.

4.1.1 Path Integral Formulation

Having quantised by turning everything into operators, we take a quick detour to explore

what happens when we fully get rid of operators. Of course this must lead to the same

physics. Consider the path integral

Z =

∫
D[g] e

i
ℏS[g] (4.10)

over all 4-metrics with fixed boundary on a spacelike hypersurface Σ. Varying the metric

gab → gab + hab in the Einstein-Hilbert action

δS =

∫
d4x

√
−g

[(
−Rab +

1

2
Rgab

)
hab −□hab +∇a∇bh

ab

]
(4.11)

gives rise to a bulk term that produces the Einstein equation and a boundary term. We

may use the divergence theorem on the boundary term to obtain

δS =

∫
dΣa (−∇ah+∇bh

b
a) (4.12)

where we are integrating over the boundary. The integrand is sometimes referred to as a

presymplectic potential. Now consider the boundary Σ with a normal na and an induced

metric γab. The metric perturbation hab can be decomposed

hab = Ananb − (Banb + naBb) + Cab (4.13)

into components normal, normal-tangent and tangent to the hypersurface Σ. This allows

us to write the boundary term as

δS =

∫
d3x

√
γ [−na∂aC +AK − 2naBb +DaB

a − CabKab] . (4.14)
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To obtain a well-posed variational principle we must hence add the GHY boundary term

δSGHY = 2

∫
d3x

√
γ K (4.15)

where K = ∇an
a is the trace of the extrinsic curvature. To preserve nan

a = −1, we take

δna = 1/2Ana and δna = δnag
ab−habnb = Ba− 1/2Ana. Now the GHY boundary term is

δSGHY =

∫
d3x

√
γ [−2DaB

a + 2aaB
a −AK + CK + na∂aC] (4.16)

where aa is the acceleration. Evaluating both boundary terms across the boundary gives

δS + δSGHY =

∫
d3x

√
γ

[
−DaB

a − Cab

(
Kab −

1

2
Kγab

)]
(4.17)

where the first term vanishes as the boundary of the boundary is empty. The second term

is gives only components lying in the surface and defines the Brown-York stress tensor

Kab − 1/2Kgab. Inserting the Einstein-Hilbert action with the GHY boundary term back

into the path integral,

Z[γ] =

∫
D[g] e

i
ℏ (S+SGHY ) (4.18)

we find that now Z[γ] obeys the Wheeler-DeWitt equation. The canonical momentum

related to γij is now given by the Brown-York stress tensor.

4.2 Quantising De Sitter Spacetime

Having explored the general approach to canonically quantising gravity, we now turn to an

example to illustrate the insights we get from doing this. Consider a maximally symmetric

spacetime with positive cosmological constant Λ > 0. As discussed above, the classical

metric is given by

ds2 = −dt2 + a2(t)dΩ2
3 (4.19)

where dΩ2
3 is the line element on S3 with round metric and a(t) =

√
3/Λcosh (

√
Λ/3t).

Due to its many symmetries, this spacetime only has one free parameter a that can be

measured. Hence quantum mechanically we are interested in amplitudes

⟨af |ai⟩ =

af∫
ai

D[g]e
i
ℏS[g] (4.20)

corresponding to transitions in the scale factor from ai to af . The minisuperspace Hamil-

tonian is easily computed as

H = − π2a
24a

− 6a+ Λa2 (4.21)
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where we choose a representation πa = −iℏ ∂/∂a for the canonical momentum operator

when quantising. The Wheeler-DeWitt equation Ĥψ(a) = 0 then becomes

ℏ2

24a

∂2ψ

∂a2
+ (−6a+ 2Λa3)ψ = 0 (4.22)

where ψ(a) is now a wave function describing the quantum mechanical distribution of the

value of the scale factor a. The form of the Wheeler-DeWitt equation reminds a lot of the

Schrödinger equation in this case. The ”wrong” sign of the kinetic term again stems from

the fact that a plays the role of a dynamic conformal factor in the metric. As promised

above we now import the WKB approximation

ψ = Ae
i
ℏS (4.23)

to solve the Wheeler-DeWitt equation. At lowest order O(ℏ−2), the equation becomes

−
(
∂S

∂a

)2

− 144a2 + 48Λa2 = 0 (4.24)

and the O(ℏ−1) correction to the amplitude is given by(
∂2S

∂a2

)
Λ + 2

∂A

∂a

∂S

∂a
= 0 . (4.25)

The O(ℏ−2) equation is separable

∂S

∂a
= ±12a

√
Λa3

3
− 1 (4.26)

and exactly solvable

S = ±12

Λ

(
Λa2

3
− 1

) 3
2

(4.27)

which returns the classical solution. At next order we find an equation for A

∂

∂a
lnA = −1

2

∂

∂a
ln
∂S

∂a
(4.28)

where we find

A =

(
Λa2

3
− 1

)− 1
4

a−
1
2 . (4.29)

This gives us a general solution to the wave function in the WKB approximation

ψ =

(
Λa2

3
− 1

)− 1
4

a−
1
2

αe i
ℏ

[
12
Λ

(
Λa2

3
−1

) 1
2

]
+ βe

− i
ℏ

[
12
Λ

(
Λa2

3
−1

) 1
2

] (4.30)

where α and β are constants of integration that may be chosen such that ψ is normalised

over the range of a. To calculate the amplitude for transitioning from ai to af , we remember
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that the classical solution dominates the path integral over large time periods with quantum

corrections. Consider ai < af , as we would expect for an expanding universe. Taking some

initial time t0 > 0, the classical equations of motion permit two solutions

a(t) =

√
3

Λ
cosh

(√
3

Λ
(t− t0)

)
or a(t) =

√
3

Λ
cosh

(√
3

Λ
(−t− t0)

)
(4.31)

which means that any given ai at some time ti > t0 there are two classical paths to af at

tf > ti. The path given by the first equation is shorter and corresponds to a monotone

expanding universe. The longer path contracts and then expands again to reach af .

ai

af

af

long path

short path

Figure 5: Classical solutions to a trajectory from ai to af .

This can be seen in fig. 5 where the universe has a characteristic minimum scale factor

amin =
√
3/Λ. Returning to the quantum picture, we choose the short path and evaluate

the action

Sclass =

tf∫
ti

dt (6a− 6aȧ2 − 2Λa3) = −12

Λ

(Λa2f
3

− 1

) 3
2

−
(
Λa2i
3

− 1

) 3
2

 (4.32)

which we can insert into the path integral to find

⟨af |ai⟩ ≈ N e
i
ℏSclass (4.33)

along the short path where N is an irrelevant numerical factor. We now see that the two

terms in ψ correspond to the short, expanding path and the long, contracting path. As

expected, the quantum mechanical system takes both permitted paths from ai to af as

once.
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4.2.1 Causal Structure of De Sitter Spacetime

We will now take a brief detour to the causal structure of De Sitter spacetime. First, we

transform to a different coordinate system

r =

√
3

Λ
cosh

(√
Λ

3
t

)
sinχ, tanh

(√
Λ

3
τ

)
= tanh

(√
Λ

3
t

)
secχ (4.34)

where the metric can be written as

ds2 = −
(
1− Λr2

3

)
dτ2 +

dr2

1− Λr2

3

+ r2dΩ2 (4.35)

where dΩ2 is now the line element on S2.

r
=

0

visible region

hidden region
cosm

ological horizon

I+

I−

Figure 6: Penrose diagram of 4d De Sitter spacetime.

We can find the Penrose diagram for De Sitter spacetime as shown in fig. 6 where r = 0

is the spatial origin of the spacetime. We note that the other timelike boundary is not a

real boundary. The spacelike boundaries at past timelike infinity I− and future timelike

infinity I+ are real boundaries of the spacetime. This also means that De Sitter spacetime

is globally hyperbolic as a constant t slice forms a Cauchy hypersurface of topology S3.

We may now consider an observer stationary at the origin r = 0 and find that there is a

region of the spacetime hidden to the observer. We also observe the formation of such a

cosmological horizon in astronomy when looking to very far away galaxy clusters.

We notice the metric (4.35) has a singularity at r =
√
3/Λ. This is a coordinate singularity,

similarly to the singularity at r = 2M in Schwarzschild spacetime, and informs us of the

existence of an event horizon. The horizon has many similar properties to the event horizon

of a black hole. In particular, we may compute its Hawking temperature.
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4.2.2 Thermodynamics of De Sitter Spacetime

Since the full derivation of the Hawking temperature involves detailed QFT in curved

spacetime (and can be found in Harvey Reall’s Black Holes lecture notes), we would like to

use a shortcut that was presented as an argument by Hawking himself. Take the definition

of the partition function as used in quantum mechanics

Z = tr(e−βH) (4.36)

where H is the Hamiltonian operator and we are tracing over the Hilbert space of the

system. Using thermodynamic language, we also define the Helmholtz free energy F as

Z = e−
H
T (4.37)

where T is the temperature T = 1/β. Now we also know that in the Schrödinger picture,

states evolve as

|s(t)⟩ = e−iH(t−t0) |s(t0)⟩ . (4.38)

We notice the partition function looks like the trace over the time evolution operator by

iβ. For consistency, we hence require all states in a canonical ensemble with temperature

T to be periodic with iβ, i.e. |s(t)⟩ = |s(t+ iβ)⟩. This is known as the KMS condition and

we will use it in the opposite direction to argue that the temperature of the spacetime is

related to imaginary periodicity.

Consider the horizon of De Sitter spacetime at r =
√

3/Λ with horizon area A = 12π/Λ.

The imaginary periodicity motivates us to perform a Wick rotation τ → iτE to give the

metric

ds2 =

(
1− Λr2

3

)
dτ2E +

dr2

1− Λr2

3

+ r2dΩ2 (4.39)

where we are now looking for a real periodicity in the Euclidean time τE . Let’s consider

the spacetime near the horizon and expand

r =

√
3

Λ

(
1− 1

2
λδ2 + ...

)
(4.40)

where λ is a constant and δ is our new coordinate. The metric near the horizon is then

ds2 =
Λ

3
δ2dτ2E + dδ2 +

3

Λ
dΩ2 (4.41)

where we have chosen λ = Λ/3. We can now see that the first two terms of the metric

look like R2 in polar coordinates where τE plays the role of the angular direction. This

becomes even more obvious when we define u = τE
√
3/Λ such that this sector of the

metric becomes ds2 = dδ2 + δ2du2. To avoid a conical singularity at the origin, we must

now identify u ∼ u + 2π which is the periodicity we have been looking for. The Hawking

temperature of De Sitter spacetime is hence

T =
1

2π

√
Λ

3
. (4.42)
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Using the value of Λ ≈ 1.11×10−52 m−2 as determined using data from the Planck satellite,

this gives a temperature of T ≈ 2.22× 10−30 K. Pretty cold.

Now consider the different forms of the partition function

Z = e−
F
T = tr(e−βH) =

∫
D[g] e−

i
ℏS[g] (4.43)

where the Helmholtz free energy is F = U − TS. We note that U = 0 since there is no

matter in the spacetime so F = −TS. Now we may compute the action

S =
1

16π

∫
d4x (R− 2Λ) (4.44)

since the leading term is classical as R ̸= 2Λ. For this action the classical equation of

motion gives Rab = Λgab and so R = 4Λ. The action hence evaluates to

S =
1

16π

∫
dτEr

2dr sin θdθdϕ (2i
√
gΛ) = i

3π

Λ
(4.45)

where we integrate over the compact domain for τE and up to the event horizon for r.

Picking a suitable normalisation constant for the path integral, we use the saddle point

approximation to find

Z = e
3π
Λℏ = e−

F
T . (4.46)

This allows us to find the Gibbons-Hawking entropy of De Sitter spacetime

S =
3π

Λℏ
=

A

4ℏ
(4.47)

which agrees with Hawking’s result for the entropy of any spacetime with horizon area A.

Reinstating Newton’s constant G, the expression for the entropy is

S =
3π

ΛGℏ
. (4.48)

In the classical and perturbative regime, we take G and ℏ to be small to keep perturbation

effects and quantum corrections small. We see that we cannot do this for the entropy.

Therefore we have found a truly non-perturbative and intrinsically quantum result. The

origin of this entropy is still somewhat of a mystery in general and is thought to stem

from quantum gravity. In fact, a full accounting of the entropy of a Schwarzschild black

hole from microstates has been achieved in string theory. For De Sitter spacetime, the

entropy is believed to reflect the events in the hidden spacetime region. It also gives rise

to the problem that the Gibbons-Hawking entropy appears to be independent of the type

of matter in the spacetime but the entanglement entropy computed from QFT depends on

the number of species. This is known as the species problem. There have been some recent

advances in approaching this problem however no full resolution has been found.
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4.3 Quantising a Black Hole

We now apply the same method to Schwarzschild spacetime to determine its thermody-

namics. The Schwarzschild metric in Schwarzschild coordinates is

ds2 = −
(
1− 2M

r

)
dt2 +

dr2

1− 2M
r

+ r2dΩ2 (4.49)

where M is a mass parameter (conveniently matching the ADM and Komar mass). We

again Wick rotate t→ iτE to obtain the metric

ds2 =

(
1− 2M

r

)
dτ2E +

dr2

1− 2M
r

+ r2dΩ2 (4.50)

which has a coordinate singularity at r = 2M , corresponding to the event horizon. Ex-

panding r = 2M + λδ2, the metric near the horizon is

ds2 =
δ2

16M2
dτ2E + dδ2 + 4M2dΩ2 (4.51)

where we let λ = 1/8M . To avoid the conical singularity, we identify τE ∼ τE + 8πM and

so

T =
1

8πM
. (4.52)

For a black hole with one solar mass M ≈ 2× 1030 kg, the temperature is T ≈ 6× 10−8 K.

This is somewhat colder than the surface temperature of the sun so we should not expect to

be able to measure it. For a black hole with the mass of an average mountainM ≈ 1012 K,

the temperature is around T ≈ 1012 K. For a black hole of Planck mass M ≈ 10−8 kg, we

obtain T ≈ 1032 K. We see that black holes are very cold for most of their life with their

temperature rapidly increasing towards the end of their evaporation. Due to the lower

mass bound of the formation of astrophysical black holes, we do not expect any black holes

to evaporate anytime soon however there is a question about primordial black holes that

formed during first fractions of a second of the universe. These do not necessarily have a

lower or upper mass bound since they could have formed through quantum fluctuations.

Apart from being candidates for the supermassive black holes at the centre of galaxies,

they could evaporate, emitting very high energy particles in the last moments of their life.

This could be measured but no such events have been confirmed yet.

To find the entropy of the Euclidean Schwarzschild spacetime (4.50), we have to do a

little bit more work. We introduce a radial cut-off at r = R which we later want to push

to infinity to obtain the full Schwarzschild solution. This gives rise to a hypersurface of

constant r and the action is modified to

S =
1

16π

∫
d4x

√
g R+

1

8π

∫
d3x

√
γ K (4.53)
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where γab is the induced Riemannian metric on the hypersurface and Kab its associated ex-

trinsic curvature. The unit surface normal is na = (0,
√
1− 2M/r, 0, 0). In the asymptotic

limit r → ∞, we can then compute the extrinsic curvature scalar

K = Ka
a = ∇an

a =
2

r
− 2M

r2
(4.54)

where we can already see the boundary term diverges as we push R → ∞ due to the first

term in the extrinsic curvature scalar. Consider flat Euclidean space and repeat the same

procedure. We find that the extrinsic curvature scalar only gives the first term K0 = 2/r.

We define the action of Minkowski spacetime to give zero and hence subtract off the first

term, leaving us with a finite boundary term in the limit R → ∞. We may evaluate the

boundary term and substitute into the saddle point approximation of the path integral to

obtain S = 4πM2 which again matches the horizon area formula.

The Gibbons-Hawking entropy for a black hole together with the Hawking temperature lead

to the notion of black hole thermodynamics. For any black hole, we map the temperature to

the surface gravity through T = κ/2π and the entropy to the horizon area through S = A/4.

This identification allows us to conceptually treat the first and second laws of black hole

mechanics (which are theorems) like the first and second laws of thermodynamics. The

third law of black hole mechanics, which would map to the third law of thermodynamics,

is slightly more controversial and appears to be wrong in the current formulation. Some

work remains to be done in black hole thermodynamics.

4.4 Cosmology Rebooted

We have previously looked at classical FLRW spacetime and also quantised De Sitter

spacetime. Most cosmological models include matter so we shall do so too. The simplest

form of matter is a single massless real scalar field. We again consider the FLRW metric

ds2 = −α2dt2 + a2(t)dΩ2
3 (4.55)

on a closed universe with topology R× S3. The minisuperspace action now becomes

S =

∫
dt αa3

(
6

a2
− 6ȧ2

a2α2
+

1

2α2
ϕ̇2
)

(4.56)

where we have assumed ϕ = ϕ(t). The three degrees of freedom then give us three classical

equations of motion

α : 6a+
6aȧ2

α2
− a3ϕ̇2

2α2
= 0 (4.57)

ϕ : a3
ϕ̇

α
= E = const. (4.58)

a :
d

dt

(
−12aȧ

α

)
− 6α+

6ȧ2

α
− 3ȧ2ϕ̇2

2α
= 0 (4.59)

where we are now allowed to make a gauge transformation to fix α = 1. The total energy

density of the scalar field is E = a3ϕ̇. The α equation can then be rewritten as

ȧ = ±
√

E2

12a4
− 1 (4.60)
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where we define x = 121/4a
E1/2 . The equation of motion is then integrable to give

E√
12

∫
x2dx√
1− x4

= ±(t− t0) . (4.61)

We now have a standard integral that can be solved using any good look-up table to give

E√
12

1

2
x2 2F1

(
1

2
,
3

4
,
7

4
;x4
)

= ±(t− t0) (4.62)

where 2F1(a, b, c; z) is the hypergeometric function. Expanding this in various limits, we

find a ∼ t1/2 when a is small and ȧ = 0 then a4 = E2/12. The universe therefore expands

rapidly at first, then stops and contracts again. We now use the ϕ equation of motion

a3ϕ̇ = a3
dϕ

da

da

dt
= E (4.63)

to find an equation

dϕ

da
= ±E

a3
1√

E
12a4

− 1
(4.64)

for ϕ in terms of a. We again have a standard integral that gives

ϕ(a) = ± 1√
3
cosh−1

(
E√
12a2

)
. (4.65)

The solutions for a(t) and ϕ(t) = ϕ(a(t)) fully determine the classical evolution of the

universe. To quantise this cosmological model, we turn it into a Hamiltonian problem with

canonical momenta

πα = 0, πa = −12aȧ

α
, πϕ =

a3ϕ̇

α
(4.66)

and Hamiltonian

H = πaȧ+ πϕϕ̇+ παα̇− L = − π2a
24a

+
π2ϕ
2a3

− 6a (4.67)

where the πa term has the familiar minus sign. We choose the standard representation πa →
−iℏ ∂/∂a and πϕ → −iℏ ∂/∂ϕ. The wave function ψ now gives the quantum mechanical

distribution of both a and ϕ so we require ψ = ψ(a, ϕ). The Wheeler-DeWitt equation

becomes (
1

24a

∂2

∂a2
− 1

2a3
∂2

∂ϕ2
− 6a

)
ψ = 0 . (4.68)

We would like to change our choice of operator ordering to bring the equation into the

form (
1

a2
∂

∂a

(
a
∂

∂a

)
− 12

a3
∂2

∂ϕ2
− 144a

)
ψ = 0 (4.69)
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which has the benefit that now we can perform a change of coordinate a = ey to put the

singularity at y → −∞. The equation turns into the more convenient form(
∂2

∂y2
− 12

∂2

∂ϕ2
− 144ey

)
ψ = 0 (4.70)

which can be solved using the ansatz ψk(y, ϕ) = f(y)eikϕ where f(y) = K√
3ik(

√
48e2y)

where K is a modified Bessel function. An arbitrary state is a superposition of these

modes

ψ =

∫
dk f̃(k)ψk(y, ϕ) (4.71)

where we can choose f̃(k) to specify a particular state. Choosing

f̃(k) = e−
(k−k̃)2

2b2 (4.72)

with the scalar field peaked at k̃ corresponds to a particular choice of E. This returns a

wave function

ψ ∼ e
− 1

2
b2
(
ϕ± 1√

3
cosh−1

(
E√
12a2

))2

× phase (4.73)

peaked at the classical solution.

4.5 Behaviour of Singularities

In the previous chapter, we considered the Kasner universe that is believed to describe

spacetime near a singularity. We would like to follow the reasoning of Belinski, Khalatnikov

and Lifshitz to understand singularities in more detail.

singularity

Figure 7: Past lights cones near the singularity.

The first interesting effect is that near a singularity, points become independent from each

other. This is shown in fig. 7 where we consider two trajectories and see that as we get

closer and closer to the singularity, the past light cones do not overlap. Very close to the

singularity we can treat each point in space by itself. Setting Λ = 0, the Hamiltonian takes

the form

H = (kinetic term) + (potential term) (4.74)
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where the potential term includes terms like (γ−1∂γ)2 and (γ−1∂2γ) that become irrelevant

when the points in space are independent from each other. At each point in spacetime we

now consider the Kasner metric

ds2 = −dt2 + t2p1dx2 + t2p2dy2 + t2p3dz2 (4.75)

satisfying the vacuum Einstein equation p1 + p2 + p3 = 1 and p21 + p22 + p23 = 1. The two

conditions can be solved to describe the exponents with a single variable u

p1 =
−u

1 + u+ u2
, p2 =

1 + u

1 + u+ u2
, p1 =

u(u+ 1)

1 + u+ u2
(4.76)

where 0 ≤ u ≤ 1. We have made the choice that p1 < 0 and 0 < p2 < p3 here without loss

of generality. As a similar choice to cosmology, we change our coordinates to

t2pi = e−2βi (4.77)

where βi = viτ+β
(0)
i . The coordinate τ is the new time coordinate and vi can be interpreted

as the velocity of expansion. We can find these in terms of the old variables as

pi =
vi

v1 + v2 + v3
, τ =

− ln t

v1 + v2 + v3
+ const. (4.78)

putting the t = 0 singularity at τ → ∞. The benefit of this change of variables is that the

Hamiltonian constraint can be written as

β̇1β̇2 + β̇2β̇3 + β̇3β̇1 = 0 (4.79)

which is equivalent to a null trajectory gij β̇iβ̇j = 0 through a spacetime with metric

gij =

 0 −1 −1

−1 0 −1

−1 −1 0

 . (4.80)

By computing Hamilton’s equation

dγij
dt

= {γij , H} , (4.81)

it is possible to show that this trajectory is a geodesic. We have hence shown that the

system traced out a null geodesic through minisuperspace with a flat metric of signature

(−,+,+). To see this more clearly, we may change coordinates again to

β1 =
1√
6
(T −X −

√
3Y ), β2 =

1√
6
(T −X +

√
3Y ), β3 =

1√
6
(T + 2X) (4.82)

where the metric is now exactly 3d Minkowski with line element ds2 = −dT 2+dX2+dY 2.

Hence the BKL idealisation makes superspace a copy of 3d Minkowski spacetime at each

point in space.

Now let’s get back to the Kasner metric. We reassign

tp1 = eα, tp2 = eβ, tp3 = eγ (4.83)
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and consider the Hamiltonian H = T+V . BKL argue that the potential term V introduces

rapid changes in the u from time to time. We now also allow u to leave the range between

0 and 1 such that p1, p2 and p3 can have an arbitrary order. In a type I change, u→ −u−1

such that p1 and p2 swap. In a type II change, u→ 1/u such that p2 and p3 swap.

− ln t

α, β, γ

α

β

γ

era

epoch

type I

type II

singularity

Figure 8: Behaviour of metric coefficients close to the singularity.

This behaviour is displayed in fig. 8 where we meet chaotic oscillations as we get close

to the singularity on the right. The period between each swap is called an epoch and the

period where only one type of swap is active is called an era. The evolution of α, β and γ

reminds of null geodesics bouncing off walls.

To analyse this behaviour more, we switch to polar coordinates in superspace

−dT 2 + dR2 +R2dϕ2 (4.84)

and define a new set of coordinates R = w sinh ρ and T = w cosh ρ. The metric is now

−dw2 + w2(dρ2 + sinh2 ρdϕ2) (4.85)

where we identify the term in brackets dρ2+sinh2 ρdϕ2 with Lobachevsky space. We hence

change our coordinates on this subspace yet again

u =
sinh ρ cosϕ

cosh ρ− sinh ρ sinϕ
, v =

1

cosh ρ− sinh ρ sinϕ
(4.86)

such that the metric simplies to

du2 + dv2

v2
, v ≥ 0 . (4.87)

In u− v space, we can now easily display the evolution of the metric as bouncing off walls.

Fig. 9 describes the u − v plane of Lobachevsky space. We can describe our system as a

particle confined to the region bounded by the walls A, B and C. Introducing a complexified

coordinate z = u+ iv, geodesics in this space are described by circles |z − u0|2 = c2 where

u0 is the origin of the circle and c the radius. Bouncing off the walls now generated maps
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v

11
2

A

B
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Figure 9: Relevant region of Lobachevsky space.

A : z → −z̄, B : z → 1 − z̄ and C : z → 1/z̄ on the coordinate z where z̄ denotes the

complex conjugate. We recognise the region bounded by A, B and C to be the fundamental

region of the integer matrix group GL(2,Z) and the transformations corresponding to A,

B and C to be generators in GL(2,Z). Therefore we may consider the trajectory of the

spacetime as a word in GL(2,Z).
Quantising the spacetime gives the Wheeler-DeWitt equation(

− ∂2

∂w2
− 2

w

∂

∂w
+

1

w2
∆L

)
ψ = 0 (4.88)

where ∆L is the Laplacian on Lobachevsky space. We have to also implement the boundary

conditions ψ = 0 on the walls which leads to the usual effects of containing a wave function.

Solving this equation can be done by seeking separable solutions of the form

ψ = g(w)f(u, v) (4.89)

and finding the eigenfunctions f of the Lobachevsky Laplacian such that ∆Lf = −Enf .

We then find solutions for g of the form

g(w) = wp, p =
−1±

√
1− 4En

2
= −1

2
+ itn . (4.90)
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