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NOTE: These lecture notes are based on the notes I took during the Canonical Gravity
course delivered by Malcolm Perry as part of the Part III Mathematics lectures at the
University of Cambridge in Lent term 2026. I appreciate any comments or corrections
communicated by email. Some useful prerequisites are Classical Mechanics, General Rela-
tivity and Quantum Mechanics.

The lecture notes are structured as follows:

e Chapter 1 outlines the fundamentals of Hamiltonian mechanics and constraints as
well as applying them to the example of canonical electromagnetism.

e Chapter 2 discusses aspects of foliating a spacetime with hypersurfaces as well as
causal structure. We also look at to what extent a set of initial conditions can be
used to find solutions to hyperbolic equations of motion.

e Chapter 3 goes over the implementation of classical general relativity into the frame-
work of Hamiltonian mechanics. We apply this to rediscover the De Sitter metric as
well as starting to look at the behaviour of spacetime near a singularity.

e Chapter 4 looks at the canonical quantisation of gravity as well as its application
to a few issues. Among these are the extraction of thermodynamics from De Sitter
and Schwarzschild spacetimes as well as a more advanced look at cosmology and the
behaviour near a singularity.
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1 Hamiltonian Mechanics

The most common approach to studying classical General Relativity is the Lagrangian
framework. As a metric-based description of gravity, the main object in this framework
is the metric tensor g.;, a symmetric rank-2 tensor field defined on a four-dimensional
Lorentzian manifold M, called spacetime. We then specify the theory by choosing an
action S|g] that is a functional of the metric tensor gq,. For General Relativity, this action
is given by the Einstein-Hilbert action

Slowl = 1grs [ @'ov/=3 Rlgw) (1.1
M

where we g = det(g,p) is the determinant of the metric, which will be negative for a
Lorentzian manifold, and R(g,p) is the Ricci scalar associated with the metric tensor. An
important observation we can make about this action is diffeomorphism invariance. While
we may use a coordinate basis to perform computations using this action, the physics
should not depend on it. This means that the action should be invariant under general
coordinate transformations, also called diffeomorphisms. Aptly named, the Ricci scalar
R is a scalar and hence already manifestly invariant under diffeomorphisms. For a gen-
eral transformation the measure d*z picks up a Jacobian factor which is cancelled by the
transformation of \/—g. We therefore refer to the combination d*z\/—g as the invariant
measure. This means the action is invariant under such transformations and we can feel
more confident in using it to describe our physics.

It is also possible to modify the Einstein-Hilbert action by the addition of a constant term
A, called the cosmological constant. The action is then

Slg) = 15 / 045 y/=g (R(gap) — 2A) . (1.2)
M

Applying the principle of least action as outlined below, the Einstein-Hilbert action leads
to an equation of motion given by the Finstein field equation

1
Rab - iRgab - Agab =0 (13)

where R is the Ricci tensor. We can add matter terms to the action that give rise to the
stress tensor T,,. The Einstein equation is then modified to

1
Ry — §Rgab - Agab = 81T (14)

where the left hand side of the equation describes the curvature of spacetime and the
right hand side describes the energy and momentum distribution. In any coordinate basis,
this equation is a set of ten second order coupled PDEs. Finding a solution g,, means
determining the gravitational field in this spacetime. We will later discuss in which sense
this is possible. Having found the gravitational field, we describe the motion of test particles

2% dxb
a0 = [ iy o ! (1.5

using another action



where we are integrating along the trajectory of the particle z%(\), parametrised by A.

So far, we have considered General Relativity only in the Lagrangian approach. Canonical
Gravity is the study of General Relativity in the framework of Hamiltonian mechanics.
This gives access to deep insights about the nature of gravity and hence our universe, that
are difficult to reach in a Lagrangian approach. To this end, we would first like to explore
the Hamiltonian framework of classical mechanics.

1.1 Fundamentals of Hamiltonian Mechanics

In the Lagrangian approach, a physical system is described by its action functional

)] = /dt L(gi, 4i»t) (1.6)

where t acts as a time parameter. The state of the system is given by the dynamical
variables ¢; and their ¢-derivatives ¢;. The integrand of the action functional is known as
the Lagrangian L. The equations of motion are determined by applying the principle of
least action which states that the classical path taken is the one that extremises the action
or mathematically

58 =0 (1.7)

where § denotes a functional variation of the path {g;(¢)}, keeping the end points fixed. We
can now use the integral form of the action functional to derive the equations of motion as

OL

S'=8 + 08 = /dt L(qi + 5qi,Qi + (5q'i,t) = /dt L(qi,q'i,t) -+ gq.éqi -+ 78(15(]Z (18)
and hence
L 0L d oL
7 T — - .4 7 1.
58 = /dt 8q; + (5q /dt [ b0 8%] 5q (1.9)

where we have integrated by parts and no boundary terms appear due to holding the end
points fixed. This means that for a general variation dgq;, the principle of least action is
equivalent to the Euler-Lagrange equation

OL _doL _
8qi dté)qi_

which generally gives a system of coupled second order differential equations that can be

(1.10)

solved analytically or numerically to determine the path taken by the classical system
subject to boundary conditions. We would like to take a different approach now.
We first define a canonical momentum
_ 0L
pi = 87%

for each degree of freedom and perform a Legendre transform from real space to phase

(1.11)

space (¢;, i) — (¢, pi) to find the Hamiltonian

q“p% Z(bpz - Qquth) . (1‘12)



This will in general involve inverting (1.11) to find ¢; as a function of ¢; and p; in order to
eliminate it in the expression for the Hamiltonian H (g;, p;, t). In practise, it may be difficult
to do this in which case the Hamiltonian framework could be unsuitable for performing
calculations on that particular system.

Classically, the Hamiltonian is a measure of the total amount of energy in the system. One
useful property is that it is conserved for systems where the Lagrangian does not explicitly
depend on time. This can be seen by

dH oL OL oL
—— =4ipit4ipi — 5, — 74 — 70 = 1.1
o = dipi +divi — 900~ 9. 0 (1.13)

where we have adopted Einstein summation convention to drop the explicit sum and used
the Euler-Lagrange equation. Mathematically, this property stems from Noether’s theorem
where H acts as the conserved charge associated with time translation symmetry.

The Hamiltonian can also be used to determine the equations of motion directly through
Hamilton’s equations

OH OH
p= 2 = 1.14
E o ? 9 (1.14)
which is equivalent to

¢ ={ai, H}, pi ={pi H} . (1.15)

The Poisson brackets {A, B} are defined as

A OB B 0A

{A,B} = 0405 080 (1.16)

dq; dp;  9q; Ip;

where we have again used Einstein notation to sum over the repeated index ¢. This can be
used to show that for any analytic function of the phase space variables f = f(gi,pi), the
time derivative can be found as

f=A{rH} (1.17)

and hence H is the generator of time translations. We may also use this to show that any
Hamiltonian H = H (g;, p;) not explicitly dependent on time satisfies

H={H,H}=0 (1.18)

and is therefore conserved. Hamiltonian mechanics using Hamilton’s equations is equivalent
to Lagrangian mechanics using the principle of least action as

. _OH . doL . 9OH _OL
o T " atag P T oq - og

(1.19)

where we can see that, given the definition of the Hamiltonian in terms of a Legendre
transform, the first Hamilton’s equation becomes trivial and the second reproduces the
Euler-Lagrange equation.



1.1.1 Canonical Transformations and Noether’s Theorem

This section is not part of the Canonical Gravity course but is included for the reader’s
benefit as an adapted version from the Advanced Classical Physics course taught by Andrew
Tolley at Imperial College London.

For a general function f = f(g;,pi,t), the time evolution is given by

ga
dt

where we have explicitly noted the Poisson bracket with respect to the phase space pa-

/ +{fs H} g p; (1.20)

rameters {¢;}, {p;}. In the spirit of coordinate invariance however, we should be able to
re-parametrise phase space while still describing the same physical system. We therefore
define another set of coordinates Qr(gi,pi,t) and Pj(gi,pi,t) on phase space. As all dy-
namics are controlled by the Poisson brackets, we require the new coordinates to satisfy

{fag}QI,PI = {f7g}qz'7pi (1'21)

for arbitrary phase space functions f,g. Any such transformation is known as a canonical
transformation. It is possible to show that to satisfy (1.21), it is sufficient to require

{QI7 QJ}qi,pi = {Pfa PJ}Qiypi =0, {QI, PJ}qz‘% =01y (1‘22)

where any pairs (J; and P; are known as canonical conjugates.

Back in the Lagrangian picture, the most general transformation we can make is one that
changes the Lagrangian by a total derivative to keep the equations of motion invariant.
Take the new form of the Hamiltonian after a canonical transformation to be K(Qy, Pr,t).
The new Lagrangian can then be written as

L' = PIQr — K(Qr, Pr,t) (1.23)

but we also know that this has to differ from the original Lagrangian by no more than a
total derivative. Therefore we obtain the relation

dF
dt
where F' = F(q;,pi,t) is an arbitrary analytic function. Applying the chain rule, we may

PrQr — K(Qr, Pr,t) = pidi — H(qi, pist) + (1.24)

expand the relation as

0Qr 0Qr
ot T 4T Py, b

0 oF OF oF
Q@ —K=pi¢g—H+—+4+—¢ + %

Pr—
ot 0g;
As we still see each ¢; and p; as independent coordinates on phase space, we can compare

i - (1.25)

these coefficients in each of the terms to split the relation into three conditions

p0Q _  OF
Proge =Pt 50 (1.26)
p0Q1 _ OF
Pt =5, (1.27)
0Q; OF
K=H-Prol— = (1.28)
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satisfied by all valid canonical transformations. This describes the most general form of
a canonical transformation. Let’s now consider one particular application of infinitesimal
transformations of the form

Qi = qi +0gi, Pi=pi+0p;, = A0\ K=H+0H (1.29)

where we only keep terms to first order in §. This means the first-order contribution to
the conditions reduces to

0dq; 0A
opi +pj—t = =0\ 1.30

ddq; 0A
pj 8;7 =5, (1.31)

. 85(]]‘ 0A

From these variables, we now define another function

Sa.

G=p; 52— A (1.33)

which we may recognise as the definition of the Noether charge when considering symmetry
transformations of an action. To make this more clear, G allows us to rewrite the equations

as
e
5gi = 06X = {q;, G}6A 1.34
%= o {4, G} (1.34)
Spi = —gj(u = {pi, G}oA (1.35)
oG
OH = -0\ (1.36)

where we can now clearly see that if the Hamiltonian is invariant under the transformation
then G is conserved. The phase space variables also infinitesimally transform in a way we
would expect from the generator of a symmetry. We have reached the result of Noether’s
theorem expressed in the Hamiltonian framework.

1.1.2 A Particle Moving in a Potential

The discussion of Lagrangian and Hamiltonian mechanics has so far been fairly abstract.
To illustrate how to apply this to a specific system, we pick a particle of mass m moving
in a position-dependent potential V' (z;) in d-dimensional space. The corresponding action
functional is

Slaa(t)] = / dt %me V(@) (1.37)

where the degrees of freedom of the system {x;} are now components of a d-dimensional
position vector. The Euler-Lagrange equation of this system evaluates to

oV
6%

(1.38)



which is a system of coupled second order differential equations given a general potential.
Another approach is to find the canonical momenta p; = m#; and hence the Hamiltonian

p?
H= 25 4 V() (1.39)

which can be used to find Hamilton’s equations

. pi . oV
A 1.4
=P o (1.40)

that are indeed equivalent to the Euler-Lagrange equation. We also notice that both
the Euler-Lagrange equation and Hamilton’s equation are equivalent to the result that
would have been obtained from treating a particle moving in a potential in the Newtonian
approach

d’x

F=-VV =ma= Mg (1.41)

by considering the forces acting on it and applying Newton’s second law. This is important
sanity check since all three are simply different mathematical formulations of the same
underlying physics and are hence expected to yield the same behaviour.

1.2 Canonical Quantisation

A feature of the Hamiltonian approach is that it enables a simple framework for quantising
a classical theory. When canonically quantising a system with degrees of freedom {¢;},
these variables are promoted to linear operators {§;} acting on states in a Hilbert space.
These operators obey commutation relations that can be obtained from Poisson brackets

1 ~ -
{A,B} — ,—h[A, B] (1.42)
i
where all variables and functions are promoted to linear operators on a Hilbert space ac-
cordingly. Using the example of the particle in a potential, we can compute the commutator

between position and momentum operators as
{$i,pj} = 5,5 — [i‘i,ﬁj] = Zh(SZJ . (1.43)

This map motivates the introduction of the Heisenberg picture where states in the Hilbert
space are taken to be constant and all the time dependence is instead put onto the operators.
This is possible since the only measurable property about a quantum theory are its overlap
amplitudes

(¢l Alv) (1.44)

for any states |¢),|¢) and any self-adjoint operator A corresponding to a physical observ-
able. In the commonly used Schroédinger picture, the operator is taken to be constant and
the states to unitarily evolve as

[6) = |6()) = U(1) [$(0)) = e #71 6(0)) (1.45)



where H is the Hamiltonian operator. When computing the overlap

(@OIA[(1) = (B(0)|eF T A(e™HT|(0))) = (@(0)|(eF Tt Ae™#4)|9o(0)) = ($|A(t)[))
(1.46)

it can be seen that the time evolution can be factored onto the operator to move from
Schrodinger picture, where states evolve according to the Schrodinger equation, to the
Heisenberg picture, where the operators evolve according to the Heisenberg equation

dA AP
— =——[A H]. 1.4
dt h[  H] (1.47)

The solution of this equation reproduces the expected time evolution of Ain (1.46) and is
also consistent with the quantisation map (1.42).

1.2.1 Quantum Harmonic Oscillator

A simple example to test the power of canonical quantisation is a particle of mass m moving
in a quadratic potential in d dimensions. Classically, this is described by the action
L oo 1 59
S=[dt S Mdi — oMW (1.48)

where w is a constant with units of frequency. We may easily compute the classical equa-
tions of motion

l‘l = *WQCCZ' (149)

resulting in d independent second order ODEs. To turn the problem into a Hamiltonian
one, we find the canonical momenta p; = mi; and the Hamiltonian

P; 1 2,.2
H= ﬁ + W] (1.50)
giving Hamilton’s equations
g =2 g = —muwa; . (1.51)

The Hamiltonian picture now makes it easy to find a quantum theory that corresponds to
a harmonic oscillator in the classical limit. To do this, we promote the coordinates x; and
momenta p; to linear operators &;, p;. The Poisson brackets are telling us that we should
define these to obey the commutation relations

(%5, 2;] = [P, Dj] = 0, [Z4,p;] = ihdy; (1.52)

and as all operators in the theory are built out of Z; and p;, we have hence specified all
commutation relations. The Hamiltonian operator is given by
~9
ji pi 1 2

oy + 5w &7, (1.53)




Having constructed the Hamiltonian operator, we can use the Schrodinger or Heisenberg
equation to figure out how any state of the system will evolve over time. But what does
the Hilbert space look like? To determine this, we define new operators

N LN PP
0=/ 5 <xz+mwpz> (1.54)

g fmw (i )
a’L 2h <x7« mwp2> ( 55)

referred to as the lowering and raising ladder operators and obeying the commutation
relation

[a:, 6] = di; - (1.56)

The Hamiltonian now factorises as

H = hw (&j&i + Z) (1.57)

where the final constant is understood to multiply an identity operator. The ground state
of the system is the state with the lowest energy. Quantum mechanically we would like to
use the state that gives the lowest expectation value for the Hamiltonian. For a general
state |¢), we have the identity

(lafaily) = lla: [v) [|* > 0 (1.58)
i
and so the ground state should satisfy a; |0) = 0 for all . This ground state is an energy
eigenstate
- d
H|0) = ihw (1.59)

and we can reach other energy eigenstates by applying raising operators d;r |0). Applying
the commutation relations we see that applying raising and lowering operators

H(@@ ) = (alH + hw) [v), H(a; [4) = (@l — hw) ) (1.60)

raises or lowers the energy of the state by quanta of iw. A general energy eigenstate of the
harmonic oscillator is therefore given by applying a sequence of raising operators

(@hm™...@h)" 0y = [ny, ..., na) (1.61)

and has energy
N 1
Hlny,..ng) = hwz (nz + 2) (1.62)
(2

which fully specifies the Hilbert space and spectrum of the theory. Having explored this
simple oscillator model, it is easy to modify it to more general setups. For example we may



wish to have a different constant wl-z multiply the potential for each direction x; (where
we have suspended summation notation). This preserves the structure of the theory but
modifies the energy of eigenstates to

. 1
Hni,..ng) = hZ <wn + 2) . (1.63)
7
Another even more generalised version of the model mixes the dimensions with the potential
1
V(l‘z) = §Mij$i$j (1.64)

which can arise as a quadratic approximation around a local extremum of the potential
landscape of some more complicated theory. Note that the potential matrix M;; will
always be diagonalisable since the elements are real and contracting with x;x; picks out
the symmetric part. If M;; has negative eigenvalues then the Hamiltonian is unbounded
below and hence we cannot make sense of the quantum theory as the system will simply
display runaway behaviour. If M;; has zero eigenvalues then these directions behave like
free particles and so the wave function spreads out from the initial distribution. This can
give a sensible quantum theory but we do not wish to discuss it here. The third case is that
M;; only has positive eigenvalues. In this case we perform an orthogonal transformation
R € O(d) on z; that leaves the kinetic term invariant but brings the potential term into a
diagonalised form. As we learnt before, we must check the Poisson brackets to make sure
this corresponds to a canonical transformation. These are

{Rixxr, Rjyx1} = R Rj{zr, v1} =0, {pi,pj} =0, {Rirwr,pj} = Ran{zn, pj} = Rij
(1.65)

where we have used the linearity of the Poisson bracket. Hmm, this is not quite right. The
canonical momenta should transform with the same transformation as the coordinates.
Plugging this in gives

{Rirar, Rup} = RixRj{zr,pi} = RigRjr = (RRY);; = by (1.66)

since we have chosen R to be orthogonal. After performing this transformation, we are
back to the case with different constants w? that now correspond to the eigenvalues of M;;.
The final check we would like to make is whether the quantum theory does actually reduce
to the classical theory in the classical limit. For this we will need the commutators

i, H] = m% i, H] = —ihmw?i; (1.67)

and work in the Heisenberg picture. In any state, the expectation values now satisfy

b _ gy = B2 IP) L iy 2y e

which are indeed Hamilton’s equations for this system. As the expectation values of quan-

tum observable become what we classically understand as their values, this confirms that
in the classical limit the canonically quantised theory reduces to its classical description.
The result (1.68) is sometimes known as the Ehrenfest theorem and can easily be shown
to hold for general Hamiltonian theories.

~10 -



1.3 Field Theories

General Relativity is a field theory and so we would like to find out how to implement
Hamiltonian mechanics for classical fields. All actions we construct should be compatible
with special relativity and we will see shortly what constraints this puts on the theories we
can write down.

1.3.1 Scalar Fields

The simplest type of field theory is a scalar theory. A scalar field is simply a function
[ = f(z) where z refers to all dimensions of spacetime. Consider a functional F[f(x)] and
define the functional derivative

oF _Flf(z) + ed(x — 2')] — F[f(x)]

Sf(z") :lg% € (1.69)

similarly to a function derivative. Now consider an action of a single scalar field in d

dimensions of spacetime

S[g] = /dt L, 1] = /dt 413 (6, 06, 1) (1.70)

where L is the Lagrangian and the new object £ is the Lagrangian density. There are
now important conditions on £ for the theory to be compatible with relativity. Most
importantly, £ must be local. This means that it may only depend on the fields and their
derivatives evaluated at a single point x instead of mixing contributions from different
points of spacetime. The other requirement is that the Lagrangian density as well as the
integral measure are Lorentz invariant. Practically this means that we should not have any
lose tensor (or spinor) indices hanging around and everything should be paired in a way
that any factors arising from Lorentz transformations are cancelled. Once we have made
sure that this is satisfied we define the conjugate momentum to ¢ as

_ oL
0o()

where " still refers to derivatives with respect to t. We also define the field theory Poisson
bracket

m(x) (1.71)

N 1 s [6X(x) oY (2) Y (2)) 60X (x)
{X(2),Y(2)} = /dd 'z |:5¢(.7)//) o () o Sop(ax) om (") (1.72)

which leads to the canonical Poisson bracket

{o(x),m(a')} = o(z — 2') (1.73)

treating ¢ and 7 as independent fields. Having defined Poisson brackets, we are able define
the Hamiltonian

H[p,,t] = /ddlx or — L (1.74)

- 11 -



to state Hamilton’s equations for fields

b={¢,H}, #={m,H}. (1.75)

To demonstrate how the Hamiltonian approach is applied for field theories, we consider
the action of a free scalar field in 4d Minkowski spacetime

1 1 1. 1 1
S = /dt Br — 5Ou00"$ — §m2¢2 = /dtd% 5¢2 — 5(Vqs)2 - §m2¢2 (1.76)
where we employ the (—, +, 4+, +) metric signature. We hence find 7 = (;5 and
3 1 2 1 2 1 2,2

where we note the Hamiltonian is non-negative. This is good since there is a lower bound
to the energy H > 0 and hence no runaway behaviour. We may now apply Hamilton’s
equations to find

¢={¢,H}y ==, 7# ={m,H} = —m*¢ + V°¢ (1.78)

where the first relation is trivially the definition of the canonical momentum and the second
reproduces the canonical form of the Klein-Gordon equation, the expected equation of
motion for a massive scalar field. One drawback of using the Hamiltonian framework
for any relativistic calculations is that it is not manifestly Lorentz invariant. To define
the canonical momentum and Hamiltonian, we had to pick out one time direction which
explicitly breaks Lorentz invariance. Once we follow through with the calculation, the
result should still be compatible with relativity as Hamiltonian mechanics is equivalent
to the manifestly Lorentz invariant Lagrangian approach to field theory. To see this, we
substitute the field Hamilton’s equation into the second to find

é—V2ip+m?p=(04+m?)p=0 (1.79)

which is manifestly Lorentz invariant. When constructing a canonical description of gravity
we will run into a similar issue where we are forced to explicitly break diffeomorphism
invariance by foliating spacetime and only recover it with in the final result.

Naturally, the Hamiltonian considerations on scalar fields can again be used to perform
canonical quantisation. This leads to subject of Quantum Field Theory which has gained
some popularity over the years. This, however, is beyond the scope of what we want to do
here.

1.3.2 Canonical Electromagnetism

Having considered the most simple field theory, we are able to explore a more interesting
field theory describing electromagnetism. Similarly to gravity, Maxwell theory is a gauge
theory and there are many features of canonical electromagnetism we will recognise when
we go on to study gravity in this framework. We start by writing down the Maxwell action

S[A,] = —% / d*z F,, F" (1.80)

- 12 —
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with the field strength defined in the usual way
F =0,A, —0,A, (1.81)

where A, is the gauge potential. The action is invariant under the gauge transformation
A, — Ay + 0y Varying the action gives the equation of motion

ouF", =0 (1.82)
together with the Bianchi identity
O Fup =0 (1.83)

which is satisfied trivially through (1.81). The gauge potential and gauge-invariant field
strength are related to the physical electric and magnetic fields by

E; = Fyo = A; — 0; Ay, B; = 1eZ]kF k= €ijr0 Ak - (1.84)
The action can now be rewritten as
S = /dt 3 %FOZ»FOi — iFijFij
_ / it 3z %Af (B A0)Ai + (B Ag)? — %aiAjaiAj + %ainaiAj (1.85)
where it is easy to determine the conjugate momenta
7 = A; — 0;Ag = E; (1.86)

and my = 0. It may be slightly concerning that one of the conjugate momenta is zero but
we push on for now. As we will see this is a common feature of gauge theories. We can
propose the naive Hamiltonian

H= /d‘gzL‘mA L= /d% 24 BMWMO (1.87)

however this cannot be fully correct since we have not enforced the primary constraint
mo = 0. We do this using a Lagrange multiplier 11 and propose

1
H = /d3x = —I— §Bz2 — AgO;m; + 111 (1.88)
where we have integrated by parts on the third term. This does not work again since now

. —_ — —_— 1-
0 5, = O;m; (1.89)

which is not generally zero. This gives a secondary constraint 9;m; = 0, known as Gauss’
law, that we will again fix using a Lagrange multiplier v5. We can now finally propose the
correct Hamiltonian

1
H = /dgl’ — —|— 5312 + (vo — Ao)Oim; + v1imo (1.90)

~13 -



where we can now use the equations of motion for Ay and A;

. H
AO 0 =V (191)
57r0
. o0H
A = o =T + 82(A0 — I/Q) (192)

to determine the Lagrange multipliers. These tell us that we can fix v1 = Ay and vy = 0.
Hence the Hamiltonian

H = /dgl’ 71’ + 32 Ao@iﬂi—i-/ioﬂ'o (1.93)

reproduces the correct Maxwell equations as the Hamilton’s equations for w9 and m;. We
could now go on to fix the gauge freedom but first we will take an excursion to the land of
constraints to find a more systematic way of constraining the Hamiltonian correctly.

1.4 Constraints

When constructing Hamiltonians as in the case of electromagnetism, we may find the need
to impose constraints on the system. We will label these primary constraints as ¢, = 0
where ¢, is an analytic function of the degrees of freedom of the system and we require the
constraints to be linearly independent. Consider an unconstrained system with phase space
variables {¢;}, {p;} and Hamiltonian H(q;,p;). The constrained Hamiltonian is constructed
by the addition of constraint terms

H(gi, pi) = H(gi,pi) + Vada i, pi) (1.94)

where v, are the Lagrange multipliers. An equivalent definition also applied to field theories
where the implicit sum is exchanged for an integral. The constrained Hamiltonian changes
the Poisson brackets to

OH 00a 5 ~ 0H Opa
= z;H = — + U,y , pi=A4pi, H} = — el 2 1.95
={q, H} = o o {pi, H} o 4 (1.95)
as well as introducing new Poisson brackets
Go = {as HY = {¢a, H} + v{da, $5} = 0 (1.96)

which give either conditions on v, or new secondary constraints. This process is repeated
until there are no new constraints introduced by the existing constraints.

Consider any analytic function A(g;,p;) and its Poisson bracket {4, ¢4} with the con-
straints. If this Poisson bracket is zero for all o then A is considered first class. If not then
A is second class. As constraints are always analytic functions of the phase space variables,
they can themselves be classified into first class ¥, and second class x, constraints. For
second class constraints we define

{Xasxs} = Cap - (1.97)
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We require the determinant of C3 to be non-zero since otherwise there are combinations
of second class constraints that are actually first class and hence the set {x} is reducible.
Therefore, we are able to introduce the prime operation ’ that acts on functions A as

A= A= A—{Axa}Co5xs (1.98)
such that
{A x7} ={Axy} — {4, xa}Coi{xs, X7} = 0. (1.99)
This motivates us to define the Dirac bracket
{A,B}p = {4, B} = {A, B} = {4, B'} = {4, B} — {Axa}C. {xs. B}  (1100)
which can be shown to satisfy
{Coxybp =0 (1.101)
for any analytic function C(g;, p;). Now take the primed Hamiltonian
H' = H—{H,xa}C_jx5 (1.102)
which automatically satisfies
Xa ={Xas H'} =0 (1.103)
for all second class constraints y,. Hence we can identify H’ with H to find that
v = —{H,xa}Cyj (1.104)

for second class constraints. We have now shown that the Lagrange multipliers can be
determined for second class constraints by the requirement that constraints stay satisfied.
For a general function A we can now find that

A={A H}p (1.105)

gives the time evolution subject to second class constraints. Now let us turn our eyes to first
class constraints. These are usually associated with fixing gauge freedom. We introduce
the gauge conditions G, = 0. Looking at second class constraints, we decide that a choice
of gauge is sensible if

det({¢a, Gs}) # 0 (1.106)

such that we can treat the set of constraints {¢o} = {xa} U{¥a}U{G4} on equal footing
as second class constraints. It is important to emphasise that for this to work, we must
choose G, to satisfy (1.106).
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1.4.1 Canonical Electromagnetism Rebooted

Armed with the knowledge of constraints, we can now look at electromagnetism through
this lens. At first, we only have the primary constraint o = 0 which satisfies {mo(x), mo(2')} =
0 and so is first class. The secondary constraint 7y = 0 requires 0;m; = 0 which can also be
shown to be first class. The gauge choice we will make is radiation gauge Ag = 0, 9;A; = 0.
These contribute to the fully constrained Hamiltonian

~ 1 1
H = /d3£L‘ 571'12 + §Bz2 + m&Ao + v + Vo O;m; + V3A0 4+ v10; A; . (1107)

Treating all constraints as second class constraints, we can find the Poisson matrix
§(x —2) (1.108)

which is invertible. Using the Green’s function of the Laplacian operator as inverse, we
find

0 0 —d@x—-2) 0
0 0 0 1
col = dnfe=atl | 1.109
ap S(x—2a') 0 0 0 ( )
0 Fw 0 0

This tells us that the gauge choice of radiation gauge is a sensible one. Now let us see what
it tells us about the Lagrange multipliers. For v; we find

vy = —{H,/d3x x3(2)}C5," = Ag (1.110)

as expected. We obtain similar results for the other Lagrange multipliers

vy = —{H,/d?’x xa(2)}Cpt = 0ymi + 9% Ag (1.111)
v =~{H, [ & ()05 = o (1.112)
vy = —{H,/dgx X2(2)}C3 =0 (1.113)

which produce the correct Maxwell equations when computing Poisson brackets with H’.
All the constraints such as {my, H'} = 0 are automatically satisfied now. This gives us a
more systematic way to constrain a Hamiltonian system.
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2 Foliation and Causal Structure

Studying the Hamiltonian approach to field theories in Minkowski spacetime, we learnt
that we have to perform a 3+1 decomposition, picking a time direction, to be able to
determine the Hamiltonian. While this approach explicitly breaks Lorentz invariance, the
results will turn out not to depend on what time function we picked and are hence Lorentz

invariant.

2.1 Spacelike Hypersurfaces

Consider a four-dimensional spacetime (M, g) and pick a function f(z%) such that f =0
describes a 3-surface with timelike unit normal n, = AV, f, i.e. ngan® = —1, where V is
the Levi-Civita connection on the Lorentzian manifold. Therefore the set of points where
f = 0 describe a spacelike hypersurface ¥. The induced metric (or first fundamental form)
on the hypersurface

hap = Gab + NaNp (21)

is Riemannian as no two points on the hypersurface can be connected by a timelike or null
curve. It is now possible to decompose any vector V' into

Ve =gdVh =nivt — non,V? (2.2)

a piece in ¥ and a piece normal to X. We may hence treat the induced metric A9 as a
projection operator into the hypersurface. To this end we define the extrinsic curvature
(or second fundamental form)

1
Ko = —iﬁnhab = h%,heV ng (2.3)

which acts as the first-order time derivative of the metric on the hypersurface. We may now
treat the triple (X, hqp, Kqp) as a set of initial data for the second-order Einstein equation
but first we will define more structure on 3. Naturally, we define the covariant derivative
on the hypersurface as

D%, =hehe, b, heh. VT (2.4)
which can be shown to obey
Dahpe =0 (25)

and is hence metric compatible on the Riemannian manifold (X, ). As D also inherits the
torsion-free nature of V, the Fundamental Theorem of Riemannian Geometry guarantees
that it is the unique Levi-Civita connection associated with h,,. We are now also able
to compute the three-dimensional Riemann tensor (3)Rab0d defined by the commutator of

covariant derivatives

DoDyV, — DyD, V. = ®R_, IV, . (2.6)
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This can be expanded in terms of the four-dimensional Riemann tensor Rgp.q by Gauss’
equation

®) Rapea = hE WY hehh Ryyerar — KaeKpa + KaaKpe (2.7)

which can be shown to preserve the expected symmetries of the Riemann tensor. If we
start contracting components we arrive at the formulas for the Ricci tensor

@ Rae = hEWY Y hE Ryyrar — K Kge + KogK 2 (2.8)
and the Ricci scalar
G)R = R+ 2R,enn® — K? + K, K% (2.9)

where R, and R are the four-dimensional Ricci tensor and Ricci scalar and K = K »h® =
Van® is the trace of the intrinsic curvature. Another useful relation is Codazzi’s equation

DoK% — DyK = Raen®h, (2.10)

which can be shown by computing D, Ky, and contracting with h?“. The Gauss-Codazzi
equations now encode the decomposition of the Ricci tensor into tangential and normal
components to the hypersurface.

2.2 Foliation

Having studied one spacelike hypersurface, we will now layer spacetime with many. Con-
sider again the function f(x®) but with the additional requirement that f(z%) =t for any
constant ¢ defines a unique spacelike hypersurface. This allows us to define a monotone
time-function ¢ and label the spacelike hypersurfaces of constant time ¥(¢). To make sure
it is possible to choose such a function f, we must additionally assume that there are no
obstructions such as changes in topology of the spacetime or boundaries that prevent us
from choosing a global time function. We will describe later the mathematical requirement
of the manifold to ensure this.

Let’s also define a set of coordinates {z'} on the spacelike slices ¥(¢) such that the metric
decomposes into the general form

ds* = —a®dt? + ~i;(da’ + Fldt)(da? + B dt) (2.11)

where « is the lapse and (¢ is the shift. The spacelike metric 7i; is equivalent to the induced
metric hq, on each slice ¥(t) in the coordinate basis defined by {z'}. Writing in matrix
form, we hence find

2 k 1
—a” + BB Bi ab —aZ
Gab = , g = ¥ . Y g (2.12)
a ( B & i Dew

where we may assume a > 0 with out loss of generality. In the coordinate chart {t,z'},

=

the timelike normal is now n, = A(1,0,0,0) with n® = A\(—=1/a?, 8°/a?). To ensure n, is a
unit vector, we hence pick A = —au.
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2.3 Penrose Diagrams

In the above we mentioned the triple (3, hap, Kqp) is a set of initial data for the second-
order Einstein equation. We will now find out the limits of this by studying the causal
structure of spacetime. The best way to do this is by visualising the different regions and
asymptotic behaviours of any given spacetime. As spacetimes are (usually) infinitely big
and four-dimensional, this is not an easy task and we would ideally like to make them more
compact to look at a two-dimensional and finitely-sized diagram. This can be done through
a process known as conformal compactification which preserves the causal structure of the
spacetime and gives us a Penrose diagram. We will explore how to do this for Minkowski
space but the procedure is similar for any other reasonable spacetime. The key insight
to conformal compactification is that two spacetimes (M, g) and (M',¢") with M C M’
possess the same null geodesics if the metrics are related by a conformal transformation

g =wg (2.13)

where w is a positive function on the manifold. We now start with Minkowski spacetime
in polar coordinates

ds* = —dt* + dr* + r*dQ? (2.14)

where dQ? gives the line element on the angular space S2. We notice the ranges of the
coordinates are —oco < t < oo and 0 < r < 0o. Next we define advanced v = ¢t + r and
retarded v = t — r null coordinates so the metric takes the form

1
ds* = —dudv + 1(1} —u)2d0? (2.15)

where the new ranges of the coordinates are —oco < u < v < 0co. We now choose compact
coordinates u = tanp and v = tan q to give

1
ds? = sec? psec? ¢ (—dpdq + 1 sin?(p — q)dQ2> (2.16)

with ranges —5 < p < ¢ < 7. At this point the metric (2.16) is still the Minkowski metric
but now we suffer a coordinate singularity where the metric degenerates at the edges of
the coordinate ranges. This is expected to happen as we are cramming an infinite amount
of real space into a finite coordinate range. To mitigate this issue, we perform a conformal
transformation to get rid of the diverging factor

1
ds* = —dpdq + 1 sin?(p — q)d9? . (2.17)

We are now able to yet again change coordinates to p =T — R and ¢ =T + R for a last
time to see that our metric has turned into

1
ds?> = —dT? 4+ dR* + 1 sin?(2R)d0> (2.18)

the Einstein static universe with topology R x S but importantly finite ranges on all the
coordinates.
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Figure 1: Penrose diagram of 4d Minkowski spacetime.

We may ignore the angular directions, as they do not add to the causal structure, and
display the spacetime on a Penrose diagram where T forms the vertical axis and R the
horizontal axis. This can be seen in fig. 1. It now looks like the spacetime has three
boundaries. The line R = r = 0 is not a real boundary but rather the centre of the
spacetime. As we have chosen to disregard angular directions, we have to remember that
each point in the diagram, apart from the axis r = 0, corresponds to a transverse S? space
with radius r. The other lines labelled with Z+ and Z~ correspond to future and past
null infinities and are hence real boundaries of the spacetime (even if they are infinitely far
away in real space!). The points labelled with i_ and iy are the past and future timelike
infinities where all timelike curves originate and end up. Finally ¢y corresponds to spacelike
infinity where all spacelike curves start and end.

The unphysical spacetime described by the metric (2.18) has the same null geodesics as
the Minkowski spacetime we started in and hence future-directed light rays still travel
upwards on 45° angles, originating at Z—, reflecting at the centre r = 0 and ending on Z+.
Therefore light cones in the Penrose diagram look the same as we would expect in a regular
space-time diagram of flat spacetime.

We are now equipped, in principle, to construct the Penrose diagram for any spacetime
although in practise this may be complicated. Penrose diagrams in general allow us to look
at purely the causal nature of the spacetime with all other complications stripped away.

2.4 Initial Value Problem

Any good classical theory has a well-posed initial value problem. This means that, given
a valid set of initial data, we should be able to use the equations of motion to find a
unique solution in a certain region of the spacetime. For general relativity, a theorem
due to Madame Choquet-Bruhat guarantees that this holds true. We will now use causal
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structure to find out what region of spacetime we can find a solution for using a set of initial
data. We choose a real scalar field ¢ on a general background with equation of motion

(O-m*p=0 (2.19)

where [ is the D’Alembert operator on our spacetime. If we include sources, this equation
can be solved using a retarded Green’s function defined by

(O —m?)G(x,t;2',t") = 6(x — 2')o(t — 1) (2.20)
where (t',2') is the location of the delta function source. We write the field as
o(x,t) = /dt’ Bz’ §(x — 2ot — (!, 1)
_ / it a3z (O — m2)G(w, 12 )bl ) - (2.21)

Now we note the retarded Green’s function G(z,t; 2, ") vanishes outside of the past light
cone starting on (¢, z). It is therefore possible to choose an integration volume just outside
of the past light cone without loss of generality.

(¢, )

G#0 G=0

Figure 2: Past light cone starting on (¢, x).

This is shown in fig. 2 where we choose integration just outside the past light cone and
along the spacelike hypersurface Y. Integrating by parts, we get a bulk term that vanishes
by the Klein-Gordon equation (2.19) and a boundary term that vanishes everywhere except
on Y. This boundary term is

p(z,t) = /d%’ G — G (2.22)

by

where we can see that we need only specify ¢ and m on the portion of ¥ intersecting the
past light cone to find the full solution.

This motivates us to define the inverse of what we have just constructed. The future
domain of dependence D' (X) of a spacelike hypersurface ¥ is the set of points p € M
such that every past-inextendible causal curve starting on p has to intersect . The past
domain of dependence D~ (X)) is defined similarly as the set of points p € M such that
every future-inextendible curve starting on p has to intersect . The union of these regions
is known as the domain of dependence D(X) = DT (X) U D™ (X). It is easy to see now that
specifying initial data (¢, 7) on ¥ allows us to use retarded and advanced Green’s functions
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to determine the full solution in D(X). This results turns out to be true for any classical
theory with a well-posed initial value problem.

If there exists a surface ¥ such that D(X) = M then the manifold (M, g) is said to be
globally hyperbolic. In this case there exists a theorem that guarantees we can choose a
global time function, as discussed above. The surface Y is then called a Cauchy hypersur-
face.

iy

I—i—

i_

Figure 3: Cauchy hypersurface in Minkowski spacetime.

For Minkowski spacetime, we can use the Penrose diagram as shown in fig. 3 to easily
see that the domain of dependence associated with the Cauchy hypersurface ¥ covers the
whole manifold. Hence flat spacetime is globally hyperbolic. Since t is one of our usual
coordinates in Minkowski spacetime, we may choose this as global time function.

I+
2

T

Figure 4: Hypersurfaces in maximally extended Schwarzschild spacetime.

For Schwarzschild spacetime the situation is not so simple anymore. First, let’s talk about
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the Penrose diagram. The Schwarzschild metric in Schwarzschild coordinates is given by

2M i
ds? = — (1 — T) dt* + n erM + r?dQ? (2.23)

where the maximum range of the r coordinate is 2M < r < oo since we cannot, continue
beyond the singularity in the g,, component. Famously though, this singularity is not a
real singularity but just a coordinate singularity as we have seen before. To get rid of this,
we may choose Eddington-Finkelstein or Kruskal coordinates to analytically continue the
metric to r < 2M until we hit the singularity at » = 0 which is physical and so cannot be
removed by a coordinate change. The Kruskal coordinates are then the coordinates that
give us the maximal extension where each edge of the spacetime either corresponds to a
physical singularity or an asymptotically flat end. Conformally compactifying this gives
the Penrose diagram as shown in fig. 4.

We can see two different choices of hypersurface in fig. 4. Physically, we should really pick
Y1 since we only have access to data outside the event horizon but then we run into the
problem that only the exterior of the black hole is included in the domain of dependence so
we cannot treat the interior of the black hole as physical if we want a globally hyperbolic
spacetime. To fix this, we may choose the hypersurface Yo in which case clearly the
whole maximal analytic extension of the Schwarzschild metric is included in the domain of
dependence. However, this is not very helpful in real initial value problems since we will
never have access to the data of the parallel universe. Therefore we go back to »; and
treat the interior of the black hole as unknown. Cutting out this region yields a globally
hyperbolic spacetime with global time function ¢ in Schwarzschild coordinates.
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3 Hamiltonian Formulation of Gravity

We now combine all of the tricks we learnt so far and formulate a Hamiltonian theory
of classical general relativity. We first choose a foliation X(¢) of spacetime and write the
metric in the form

d32 = —a2dt2 + "}/U(d.ﬁl + Bldt)(dl'j + Bjdt) (31)

which has the properties discussed earlier. On the hypersurface we now find the extrinsic
curvature

Kij = haihijanb (32)

where hgp = gap +nanp is the induced metric on each ¥(t) and n, is the unit normal. Using
ng = (—a,0,0,0) we find

hy =0, hiy=—p5", 1% =0, h’; =5 (3.3)

and so the extrinsic curvature simplifies to
Kij = Tgmo (3.4)
where

1 1
T3 = 59" (Digoj + 0590 — D0gis) + 56" (Bigjk + Oigir — Orgis)

1 1 . By 1 .
=5 (—ag> (=3 + 0ij +0;5) + 5 BIry = ~5g (DiB; + Djbi = ij) - (3.5)
Gauss’ and Codazzi’s equations together with /—¢g = a,/7 allow us to decompose the
Einstein-Hilbert action as

1

S =
167

/ d*z/—g (R — 2A)

1 )
= o [ dt Bz o/ (PR + KVK;j — K+ 2Rnn® — 2A) (3.6)
Y

where 2R n?n is a boundary term. From now on, we will drop the pre-factor of the
action since it does not affect the equations of motion. As an aside, the Dirac delta
function d(z — ') looks like a scalar but is actually a density of weight —1. This usually
does not make a difference but when applying covariant derivatives

Vid(x —2') = 9;0(x — 2') — F],zjé(ac — ) (3.7)

we see that it behaves differently. This behaviour is important to make sure that the
definition of the delta function

flz) = /d?’x’\f’y §(x —2') f(2)) (3.8)
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is consistent in curved spacetime. We now want to construct a Hamiltonian of gravity. The
canonical momenta are derived from the action as

=0, 7 =0, 17 = /(K9 - ~47K) (3.9)

where 7 is associated with a, 7* is associated with 5° and 7% is the canonical momentum
with respect to v%. We notice that many of the momenta are zero but since this also
happened in electromagnetism, we now know how to deal with this. Our first attempt at
a Hamiltonian is then

H = /de 195 — a7 (PR + K9 K;; — K2 — 2A) + vr + A7
O T R SN B R _ 9A) — 28 Dol i
= [ &’z —7"my; (%) — /("R —2A) = 26, D" + v 4+ N (3.10)
2.\
where we have imposed the zero momenta as primary constraints with Lagrange multipliers
v and A;. We can again find secondary constraints by finding the time derivatives of the
constraints

U roY
known as the Hamiltonian constraint H and
oH

il = 55 = —Djm =0 (3.12)

known as the diffeomorphism constraint x*. The correct Hamiltonian is therefore

o _ 1 (wifmj —~ ;(W]Z)Q) —VA(®PR-2A) =0 (3.11)

H = /dgx e+ 7B + aH + Bix! (3.13)

where we have determined the Lagrange multipliers. The Hamiltonian consists only of
constraints and vanishes. This is not a problem however as we only care about the variation
of the Hamiltonian which does not vanish in general. To obtain the evolution equations,
we must pick a gauge. We pick Gaussian gauge a = 3 = 0 and can find the equations
of motion using Poisson brackets. Before we do this, we make an observation about the
Hamiltonian constraint. The Hamiltonian constraint can be written in the suggestive form

H = Gijur?7™ — (B R - 24) (3.14)

which vaguely looks like a Hamiltonian for a particle moving in a potential. We will get
back to this later. The brackets mostly become trivial at this point except

ij = 2Gijm™ (3.15)

and 7;; which together reproduce the Einstein equation. Therefore given initial data
(3,745, mi;) satisfying the Hamiltonian and diffeomorphism constraints, we may use the
equations of motion to evolve it forward and backward in time within the domain of de-
pendence D(X).
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The Hamiltonian is also modified if we add matter to the equation. For example consider
a scalar field with matter action

5= [d'ey=g - 590,600~ V(0 (3.16)

where V' (¢) is a general polynomial potential term. Expanding the foliation metric we can
rewrite the action as

2 I . 127
S = /dtd%af <¢ - ﬁ2¢ Dip — = [ a— 5&’8] 0ip0;p — V(¢>)> (3.17)
where we may read off the canonical momentum

Ro = VT~ B0 (3.18)

Adding a scalar field hence adds the term

/ dx ( A V00036 + AV (6 >) T Bimsdi (3.19)

to the Hamiltonian. The first term modifies the Hamiltonian constraint to 7-[—}—% (matter energy density)
and the second term modifies the diffeomorphism constraint to x; + m40;¢. We can now

use these modified constraints to follow the same procedure for finding the equations of

motion as for vacuum gravity.

3.1 Hamiltonian Constraint

To understand the evolution of the metric in the canonical approach, we study the Hamil-
tonian constraint

H = Gijrum?m™ — H(BR - 20) (3.20)

where we now explicitly identify the terms with the kinetic and potential terms of a particle.
Writing down the action for a particle in a potential

1
S = /ds igabx'“:'cb —V(x) (3.21)
we can compute the canonical momenta p, = gabx'b and find the Hamiltonian

1
H= 5g‘“’papb +V(z) (3.22)

where we learn that the factor Gj;;; multiplying the momenta behaves like an inverse
metric. The metric G¥* this gives should have the property

3 1 . o
GZ]leklmn = i(ym(sjn + 5jm51n) (323)
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to preserve the symmetries of the tensors. We can therefore construct the metric

which gives a measure on the space of symmetric rank 2 tensors, superspace, on the space-
like hypersurface 3(t), parametrised by v;;. Suppose we have two metrics ;5 and ~;; +dv;;.
We are now able to compute their distance in superspace as

ds?* = G* dry iy (3.25)

where we say that any pair of 3-geometries separated by d;; are apart a distance of ds at a
point. To find the distance between two geometries in the whole space, we must integrate

d52 = /dgl' Gijkld’}/ijd")/kl (3.26)

which defines the DeWitt metric. This metric has the nice property that two metrics
separated by a diffeomorphism dv;; = D(;{;) give dS = 0 and so the measure correctly
picks out physically equivalent configurations.

For any metric perturbation d;;, we have a 3x3 symmetric matrix and so six components.
Therefore we should be able to represent G*/* in a more usual form as a 6x6 matrix. Take
for example a conformal transformation where dv;; = Av;;. The distance function can be
written as

Gijkld’yijd’ykl = —Gﬁ)ﬁ (3.27)

where we see that the 6x6 metric cannot be Riemannian as the distance has a negative
sign. Hence we pick coordinates ( = %yl/‘l and ¢4, A =1,2,3,4,5 on the space of
symmetric tensors where ¢ parametrises conformal transformations and ¢# describe other
transformations orthogonal to this. The metric in these coordinates is

-1 0
GAB = ( 0 CQGAB> (328)

which is a cone over Gap
ds® = —d¢? + PG apd¢idch . (3.29)
The geometry G Ap can also be written as
Gap =tr(y 'y47 "7.B) (3.30)
where we trace over the spatial indices on the hypersurface ¥(¢). The curvature of G 4p is
Rapcp = k(GacGpp — GapGae), k <0 (3.31)

where we can see that G 4p is positive-definite and so must be a 5d hyperboloid. We also
see that R is covariantly constant and hence the 5d space must be maximally symmetric.
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This strongly restricts the options for possible spaces. In fact the space of 3x3 symmetric
matrices with unit determinant (as we fixed scaling) is SL(3)/SO(3) which matches our
dimension of 5. Now the overall scalar curvature including scaling is

60
I
which tells us there is some form of singularity as ¢ — 0. Topologically, we see that G ap
lives on SL(3)/SO(3) & RT at each point in space.

OR=— (3.32)

3.2 Hamiltonian Einstein Equation

We would now like to analyse the Hamiltonian Einstein equation and see if we can extract
any information about its solutions. The Einstein equation derived from action principles
is equivalently reproduced by

Yij = {vij, H}, 7rij = {mij, H} . (3.33)
To solve these, we pick a convenient gauge
1 1 .
o= 8'=0 (3.34)

2 \ [ By GR

such that the equations are equivalent to the system of second order ODEs

dz’Y'j dvik Vit L dvig Akl 1 etrmn @YkL Ay 1
L : el i GRmn Z R 2T o (G)Rp, — v COORY
@ dtodt ) T2 a0 dt dt 7Ty

(3.35)

This is remarkable because without the RHS curvature term, we exactly have the geodesic
equation in SL(3)/SO(3) & R* at each point in space. The curvature term is responsible
for coupling together different points in space like a force. Fixing a and /3%, the spacetime
traces out a curve in the space of all metrics on surfaces of constant time X(¢). We will
call this space of 3-metrics modulo coordinate transformations superspace. Hence any
spacetime is a trajectory in superspace.

So far we have ignored the possibility for boundary terms however if we are dealing with
an asymptotically flat, as seen above, or an asymptotically Anti-deSitter (AdS) spacetime,

we may add an extra piece
Ton dS* /Ay (Yikj — Vijk) (3.36)

to the Hamiltonian. For asymptotically flat or asymptotically AdS spacetimes, this is the
ADM mass.
3.2.1 Cosmology

Restricting the number of degrees of spacetime even further, we can simlify our motion
in superspace to minisuperspace. This is the case for a simple cosmological model of the
FLRW metric in a topologically closed universe

ds® = —dt® + a(t)?dQ3 (3.37)
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where d2% is the round metric on spatial S® slices. We therefore identify ;jdx’dz? =
a(t)?d% where our only degree of freedom is the scale factor a(t). We see that the metric
is already in a gauge o = 1 and ¢ = 0 so we can find the Ricci curvature

2944 6
3 ij (3
@GR, = o GR = = (3.38)
and the extrinsic curvature
Kij = ad’yij . (339)
This allows us to write the action in minisuperspace as
S = / dtd*z Y(P R+ KiK' — K? — 2A) = / dt 6a — 6aa® — 2Aa’ (3.40)
where we have dropped an overall numerical factor in the last step. The canonical momen-
tum for a is m, = —12aa. This gives the Hamiltonian
He -7t gasondd (3.41)
=— — 6a a .
24a

where we again see that the kinetic term for a has the wrong sign because it corresponds
to a conformal transformation. Hamilton’s equations become

2

. Tq . 2 Tq
_ M 6 gAa? T 3.42
“T T 19q e @ T o2 (3.42)

This can be solved for A > 0 to get the well-known de Sitter metric

a(t) = \/§ cosh (ﬁt) Ta(t) = —V12A sinh (2\/%) (3.43)

of an exponentially expanding universe. It turns out for A < 0, there are no real solutions
to (3.42).

3.2.2 Kasner Universe

Another interesting geometry to look at in minisuperspace is the Kasner universe. It is
believed to describe the behaviour of spacetime close to a singularity like the big bang. In
Cartesian coordinates, we write

ds® = —dt* + a(t)*dz® + b(t)?dy® + c(t)?d2? (3.44)

which is a generally anisotropic but homogeneous version of the FLRW metric. On surfaces
of constant ¢, the extrinsic curvature is

K;; = diag(aa, bb, c¢) (3.45)

and ® R =0. The minisuperspace action is hence

2ab  2b¢  2¢a
= [dtabe | -2 - 22 22 4
s / ave ( ab be ca ) (3.46)
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which gives canonical momenta m, = —2(bc), m, = —2(ca), m. = —2(ab). We again
determine the Hamiltonian

1 aﬂg bﬂg c7r3 1 (7Ta7Tb TpTe 7rc7ra>
=— =2 - = 3.47
8 < bc ca ab 4\ c + a + b (347)
and find Hamilton’s equations
1= L (ama = bmy — em), =~ 4 (b — me)? (3.45)
@ = (ama = bmy —cme), o = =3 -+ oo (Myb — meC .

with the remaining equations differing by a cyclic permutation of a, b and ¢. These equa-
tions can be solved using an ansatz a = tP', b = tP2, ¢ = tP? and enforcing H = 0. These
give the conditions pip2 + paps + psp1 = 0 and p; + p2 + p3 = 1. Combining this with the
Hamiltonian constraint we obtain p% + p% + pg =1 and p; + p2 + p3 = 1. This means we
can either have two p; positive and one negative or have two p; zero and the last equal to
one. The latter gives Rindler spacetime which can be written as

ds® = —dt?® + t?da® + dy? + d=? . (3.49)

As an aside, for any choice of p;, the conditions ensure that abc ~ t and hence the volume of
the spacetime is linearly increasing in time. We also have R ~ 1/t? and so we always have
a singularity at ¢t = 0. This is necessary if we want the metric to describe the spacetime
near the big bang. We will study the dynamics of this spacetime in more detail later.
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4 Canonical Quantisation of Gravity

One of the most interesting features of having a Hamiltonian formulation of gravity is
that it is now possible to embed gravity into the framework of quantum mechanics using
canonical quantisation. Thereby we would like to promote the observables to Hermitian
operators and replace Poisson or Dirac brackets

1
{3 (@), 7 (2")} = 5 (850 + 850)0(x — 2/) (4.1)
by commutators. One representation of this algebra maps

o )
7 (z) - —ith—— . (4.2)
67 ()
which allows us to promote the constraints H and x; to operators #H and Xi- As classically
H = x; = 0, we need to impose

Hy = xith =0 (4.3)
on all states ¢ in the Hilbert space.

4.1 Wheeler-DeWitt Equation

We will now look at the constraint equation 7:[1/1 = 0 in more detail. This equation is known
as the Wheeler-DeWitt equation and is key to producing a consistent quantum theory of
gravity. We can expand this as

—thUMLi -V <R —2A + 1(matter energy density))] =0 (4.4)
6%ig OVki 2
where the first term again acts like a massless Klein-Gordon equation at each point in
space and the second term provides an effective mass. Naturally, this equation inherits
the same interpretational problem as Klein-Gordon wave functions (for example negative
probabilities) but we will ignore this for now and push on with the Klein-Gordon analysis.
Consider a Klein-Gordon equation

(=R20+m*¢ =0 (4.5)
in any spacetime and use a semiclassical WKB approximation ¢ = Ae®/" to solve it.
Expanding in powers of &, we get

" 2 i 1 ig
Oop=g VoVpA + %VaSVbA + ﬁAVaVbS — ﬁAvavbS ehn (4.6)

where we can see that if we take i — 0 in the classical limit, the Klein-Gordon equation

turns into

VaSVeS +m? =0. (4.7)
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We can then add a little bit of quantumness at the next order
2V, SV?A+iAV, VS =0 (4.8)

which modifies the amplitude A of the wave function. Identifying V.S with the momentum
pa reproduces the expected dispersion relation p? + m? = 0. We can also show that this
momentum p, objeys the geodesic equation

1 1
P*Vapp = VSV, VS = VOV, V.S = 5vb(va5va5) = §Vb(—m2) =0. (4.9)

Now we would like to import the WKB approximation for the Wheeler-DeWitt equation
to see how quantum gravity reproduces classical gravity in this limit. We will have a wave
function 1 (3-geometry) that encodes the quantum mechanical distribution in the space of
3-geometries. The WKB approximation should then allow us to reproduce the classical
behaviour with quantum corrections.

4.1.1 Path Integral Formulation

Having quantised by turning everything into operators, we take a quick detour to explore
what happens when we fully get rid of operators. Of course this must lead to the same
physics. Consider the path integral

Z = /D[g] e#Sld] (4.10)

over all 4-metrics with fixed boundary on a spacelike hypersurface ¥. Varying the metric
Jab = Gab + hap in the Einstein-Hilbert action

1
58 = / d*z\/—g K—Rab + 2Rgab> h — Ohgy + Vo Vph® (4.11)

gives rise to a bulk term that produces the Einstein equation and a boundary term. We
may use the divergence theorem on the boundary term to obtain

68 = / A% (—Vah + Vyht) (4.12)

where we are integrating over the boundary. The integrand is sometimes referred to as a
presymplectic potential. Now consider the boundary ¥ with a normal n, and an induced
metric 4. The metric perturbation hgy, can be decomposed

hay = Angny — (Banp + 14 Bp) + Cap (4.13)

into components normal, normal-tangent and tangent to the hypersurface . This allows
us to write the boundary term as

58 = / Bxy/y [-n%0,C + AK — 2n°By, + Dy B* — CK )] . (4.14)
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To obtain a well-posed variational principle we must hence add the GHY boundary term

5Sany = 2/d3xﬁ K (4.15)

where K = V,n? is the trace of the extrinsic curvature. To preserve n,n* = —1, we take
ong = 1/2An, and 6n® = dn,g® — h®ny, = B* —1/2An®. Now the GHY boundary term is

§Samy = / dPz\/5 [~2D,B® + 2a,B* — AK + CK + n®0,C] (4.16)

where a, is the acceleration. Evaluating both boundary terms across the boundary gives
1
68 4+ 0Sapy = /d?’a:\f’y |:—DaBa — % (Kab — 2K’yab>] (4.17)

where the first term vanishes as the boundary of the boundary is empty. The second term
is gives only components lying in the surface and defines the Brown-York stress tensor
Ka, — 1/2K gqp. Inserting the Einstein-Hilbert action with the GHY boundary term back
into the path integral,

Z[y] = /D[g] ei(S+Samy) (4.18)

we find that now Z[y] obeys the Wheeler-DeWitt equation. The canonical momentum
related to 7;; is now given by the Brown-York stress tensor.
4.2 Quantising De Sitter Spacetime

Having explored the general approach to canonically quantising gravity, we now turn to an
example to illustrate the insights we get from doing this. Consider a maximally symmetric
spacetime with positive cosmological constant A > 0. As discussed above, the classical
metric is given by

ds® = —dt® + a*(t)dQ3 (4.19)

where dQ3 is the line element on S? with round metric and a(t) = /3/A cosh (1/A/3t).
Due to its many symmetries, this spacetime only has one free parameter a that can be
measured. Hence quantum mechanically we are interested in amplitudes

ar
(aflai) = /D[g]eés[g] (4.20)

corresponding to transitions in the scale factor from a; to ay. The minisuperspace Hamil-
tonian is easily computed as

¢ _ g+ Aa® (4.21)
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where we choose a representation 7, = —ihd/da for the canonical momentum operator
when quantising. The Wheeler-DeWitt equation ﬁw(a) = 0 then becomes

h2 92 ;
%@ + (—6(1 + 2Aa )1!1 =0 (4.22)

where 1 (a) is now a wave function describing the quantum mechanical distribution of the
value of the scale factor a. The form of the Wheeler-DeWitt equation reminds a lot of the
Schrédinger equation in this case. The ”wrong” sign of the kinetic term again stems from
the fact that a plays the role of a dynamic conformal factor in the metric. As promised
above we now import the WKB approximation

¥ = AeiS (4.23)
to solve the Wheeler-DeWitt equation. At lowest order O(h~2), the equation becomes

2
— (gi) — 144a® + 48Aa* =0 (4.24)

and the O(A~1) correction to the amplitude is given by

2
(a S>A+28A8S_

o3 2090 =0 (4.25)

The O(h~?) equation is separable

oS Aa3
— =41 — =1 4.
o =120/ = (4.26)

and exactly solvable

3
12 [ Aa? 2
=4—|—-1 4.2
§=2l ( ‘ > (4.27)
which returns the classical solution. At next order we find an equation for A
0 10 . 0S
where we find
1
2 1
A= (A?‘f - 1) a’z . (4.29)

This gives us a general solution to the wave function in the WKB approximation

1

b = (Aj - 1)_411 . [ﬂ%ﬁ_lﬂ + ﬁe_% [ﬂAéﬁ_lﬂ (4.30)

where « and (8 are constants of integration that may be chosen such that v is normalised
over the range of a. To calculate the amplitude for transitioning from a; to ay, we remember
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that the classical solution dominates the path integral over large time periods with quantum
corrections. Consider a; < ay, as we would expect for an expanding universe. Taking some
initial time tg > 0, the classical equations of motion permit two solutions

alt) = \/i cosh <\/§(t - t0)> or a(t) = \/i cosh (ﬁ(—t - t0)> (4.31)

which means that any given a; at some time ¢; > ¢y there are two classical paths to ay at
ty > t;. The path given by the first equation is shorter and corresponds to a monotone
expanding universe. The longer path contracts and then expands again to reach ay.

af

\ / short path
a;

long path
af

Figure 5: Classical solutions to a trajectory from a; to ay.

This can be seen in fig. 5 where the universe has a characteristic minimum scale factor
amin = v/3/A. Returning to the quantum picture, we choose the short path and evaluate

the action
ty 3 3
12 | [ Adj v 2
Setass = /dt (6a — 6aa® —2Aa%) = — = | [ =L —1) — (2% 4 (4.32)
A 3 3
t;
which we can insert into the path integral to find
(af|as) ~ NenSetass (4.33)

along the short path where N is an irrelevant numerical factor. We now see that the two
terms in v correspond to the short, expanding path and the long, contracting path. As
expected, the quantum mechanical system takes both permitted paths from a; to ay as
once.
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4.2.1 Causal Structure of De Sitter Spacetime

We will now take a brief detour to the causal structure of De Sitter spacetime. First, we
transform to a different coordinate system

3 [A ) . A A
r= \/Icosh < 3t> sin y, tanh (\/?7‘) = tanh (\/;t> sec y (4.34)

where the metric can be written as

Ar? dr?
ds? = — (1 - — ) dr* + + r2d0? (4.35)
3 1 _ Ar?
3
where dQ? is now the line element on S2.
I+
\\\ hidden region
\\\\OO&.@
\\\ O‘/O
I 7 g
\\\\ O(}é
\\\ OO
visible region
-

Figure 6: Penrose diagram of 4d De Sitter spacetime.

We can find the Penrose diagram for De Sitter spacetime as shown in fig. 6 where r =0
is the spatial origin of the spacetime. We note that the other timelike boundary is not a
real boundary. The spacelike boundaries at past timelike infinity Z— and future timelike
infinity Z* are real boundaries of the spacetime. This also means that De Sitter spacetime
is globally hyperbolic as a constant t slice forms a Cauchy hypersurface of topology S°.
We may now consider an observer stationary at the origin » = 0 and find that there is a
region of the spacetime hidden to the observer. We also observe the formation of such a
cosmological horizon in astronomy when looking to very far away galaxy clusters.

We notice the metric (4.35) has a singularity at r = \/3/7A This is a coordinate singularity,
similarly to the singularity at » = 2M in Schwarzschild spacetime, and informs us of the
existence of an event horizon. The horizon has many similar properties to the event horizon
of a black hole. In particular, we may compute its Hawking temperature.
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4.2.2 Thermodynamics of De Sitter Spacetime

Since the full derivation of the Hawking temperature involves detailed QFT in curved
spacetime (and can be found in Harvey Reall’s Black Holes lecture notes), we would like to
use a shortcut that was presented as an argument by Hawking himself. Take the definition
of the partition function as used in quantum mechanics

Z = tr(e”PH) (4.36)

where H is the Hamiltonian operator and we are tracing over the Hilbert space of the
system. Using thermodynamic language, we also define the Helmholtz free energy F' as

Z=e1 (4.37)
where 7' is the temperature 7' = 1/5. Now we also know that in the Schrodinger picture,
states evolve as

|s(t)) = e HE00) |5(10)) . (4.38)

We notice the partition function looks like the trace over the time evolution operator by
18. For consistency, we hence require all states in a canonical ensemble with temperature
T to be periodic with i3, i.e. |s(t)) = |s(t 4+ if)). This is known as the KMS condition and
we will use it in the opposite direction to argue that the temperature of the spacetime is
related to imaginary periodicity.

Consider the horizon of De Sitter spacetime at r = \/3/A with horizon area A = 127/A.
The imaginary periodicity motivates us to perform a Wick rotation 7 — itg to give the
metric

A 2 d 2
d52 = <]_ — ;) dTé + 1#712 + T2dQ2 (439)
T3

where we are now looking for a real periodicity in the Euclidean time 7g. Let’s consider
the spacetime near the horizon and expand

3 1
=/ (1=2X%+ ... 4.40
=3 (1- 320+ ) (4.40)
where )\ is a constant and § is our new coordinate. The metric near the horizon is then
A 3
ds? = 552dr§ +do* + dez? (4.41)

where we have chosen A = A/3. We can now see that the first two terms of the metric
look like R? in polar coordinates where 75 plays the role of the angular direction. This
becomes even more obvious when we define v = 75+/3/A such that this sector of the
metric becomes ds? = dd? + §%du?. To avoid a conical singularity at the origin, we must
now identify u ~ u + 27 which is the periodicity we have been looking for. The Hawking
temperature of De Sitter spacetime is hence

1 /A

= —4/=. 4.42
2rV 3 ( )
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Using the value of A = 1.11x 10752 m =2 as determined using data from the Planck satellite,
this gives a temperature of T ~ 2.22 x 1073° K. Pretty cold.
Now consider the different forms of the partition function

Z=eT =tr(e PH) = / D|g] e~ #51d] (4.43)
where the Helmholtz free energy is F' = U — T'S. We note that U = 0 since there is no
matter in the spacetime so F' = —T'S. Now we may compute the action

§— 1! / d*z (R —2A) (4.44)
= — €T — .
167

since the leading term is classical as R # 2A. For this action the classical equation of
motion gives Ry, = Agyy and so R = 4A. The action hence evaluates to
1 2 . . 3
S =— [ drgridrsin0dode (2i\/g\) = i— (4.45)
16m A
where we integrate over the compact domain for 7z and up to the event horizon for r.
Picking a suitable normalisation constant for the path integral, we use the saddle point
approximation to find

3T

Z=efhi =T, (4.46)
This allows us to find the Gibbons-Hawking entropy of De Sitter spacetime
3m A
2 _ 4.47
Ah 4k (447)

which agrees with Hawking’s result for the entropy of any spacetime with horizon area A.
Reinstating Newton’s constant GG, the expression for the entropy is

3T

S=1xan

(4.48)
In the classical and perturbative regime, we take G and & to be small to keep perturbation
effects and quantum corrections small. We see that we cannot do this for the entropy.
Therefore we have found a truly non-perturbative and intrinsically quantum result. The
origin of this entropy is still somewhat of a mystery in general and is thought to stem
from quantum gravity. In fact, a full accounting of the entropy of a Schwarzschild black
hole from microstates has been achieved in string theory. For De Sitter spacetime, the
entropy is believed to reflect the events in the hidden spacetime region. It also gives rise
to the problem that the Gibbons-Hawking entropy appears to be independent of the type
of matter in the spacetime but the entanglement entropy computed from QFT depends on
the number of species. This is known as the species problem. There have been some recent
advances in approaching this problem however no full resolution has been found.
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4.3 Quantising a Black Hole

We now apply the same method to Schwarzschild spacetime to determine its thermody-
namics. The Schwarzschild metric in Schwarzschild coordinates is

2M dr?
ds® = — (1 — > dt* + - L+ r2d0? (4.49)
T

T

where M is a mass parameter (conveniently matching the ADM and Komar mass). We
again Wick rotate t — i7p to obtain the metric

2M dr?
ds® = (1 — T) drg + 1%% + r2d0? (4.50)

r

which has a coordinate singularity at r = 2M, corresponding to the event horizon. Ex-
panding r = 2M + A2, the metric near the horizon is

2

2 _
ds” = 1632

drd + do? + 4M>d0? (4.51)

where we let A = 1/8M. To avoid the conical singularity, we identify 75 ~ 75 + 87 M and
SO

1
- 87M

(4.52)

For a black hole with one solar mass M ~ 2 x 10%° kg, the temperature is T ~ 6 x 1078 K.
This is somewhat colder than the surface temperature of the sun so we should not expect to
be able to measure it. For a black hole with the mass of an average mountain M ~ 10'? K
the temperature is around T =~ 10'? K. For a black hole of Planck mass M =~ 10~% kg, we
obtain T ~ 1032 K. We see that black holes are very cold for most of their life with their
temperature rapidly increasing towards the end of their evaporation. Due to the lower
mass bound of the formation of astrophysical black holes, we do not expect any black holes
to evaporate anytime soon however there is a question about primordial black holes that
formed during first fractions of a second of the universe. These do not necessarily have a
lower or upper mass bound since they could have formed through quantum fluctuations.
Apart from being candidates for the supermassive black holes at the centre of galaxies,
they could evaporate, emitting very high energy particles in the last moments of their life.
This could be measured but no such events have been confirmed yet.

To find the entropy of the Euclidean Schwarzschild spacetime (4.50), we have to do a
little bit more work. We introduce a radial cut-off at »r = R which we later want to push
to infinity to obtain the full Schwarzschild solution. This gives rise to a hypersurface of
constant r and the action is modified to

_ L [ 1 [
S—16W/dx\/§R+87r/d:c\FyK (4.53)
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where 7, is the induced Riemannian metric on the hypersurface and K, its associated ex-
trinsic curvature. The unit surface normal is n® = (0, m, 0,0). In the asymptotic
limit r — oo, we can then compute the extrinsic curvature scalar

K= K% = Von — % _ 27]\24 (4.54)
where we can already see the boundary term diverges as we push R — co due to the first
term in the extrinsic curvature scalar. Consider flat Euclidean space and repeat the same
procedure. We find that the extrinsic curvature scalar only gives the first term Ky = 2/r.
We define the action of Minkowski spacetime to give zero and hence subtract off the first
term, leaving us with a finite boundary term in the limit R — oo. We may evaluate the
boundary term and substitute into the saddle point approximation of the path integral to
obtain S = 47 M? which again matches the horizon area formula.
The Gibbons-Hawking entropy for a black hole together with the Hawking temperature lead
to the notion of black hole thermodynamics. For any black hole, we map the temperature to
the surface gravity through 7' = /27 and the entropy to the horizon area through S = A/4.
This identification allows us to conceptually treat the first and second laws of black hole
mechanics (which are theorems) like the first and second laws of thermodynamics. The
third law of black hole mechanics, which would map to the third law of thermodynamics,
is slightly more controversial and appears to be wrong in the current formulation. Some
work remains to be done in black hole thermodynamics.

4.4 Cosmology Rebooted

We have previously looked at classical FLRW spacetime and also quantised De Sitter
spacetime. Most cosmological models include matter so we shall do so too. The simplest
form of matter is a single massless real scalar field. We again consider the FLRW metric

ds® = —a’dt* + a*(t)d23 (4.55)
on a closed universe with topology R x S3. The minisuperspace action now becomes
6  6a° I
_ B A
S = /dt aa <a2 o + 2a2¢ ) (4.56)
where we have assumed ¢ = ¢(t). The three degrees of freedom then give us three classical
equations of motion

6aa’ aSqﬁQ

a: 6a+ a2 _WZO (457)
o : agé = F = const. (4.58)
o
d (—12aa 6a2  3a2¢?
D= -6 — = =0 4.59
7 ( o ) ot o 200 (4:59)

where we are now allowed to make a gauge transformation to fix a = 1. The total energy
density of the scalar field is E = a3¢. The a equation can then be rewritten as

| B2
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121/44
El/2

where we define z = . The equation of motion is then integrable to give

E z2dx
=+(t —to) . 4.61
\/12/\/1—354 (£~ o) (4.61)
We now have a standard integral that can be solved using any good look-up table to give

E 1, 137 4

2 F (2.2 L. =4(t—t 4.62
Tsprta (5 5 gt ) =t (1.62)
where 9F}(a,b,c; z) is the hypergeometric function. Expanding this in various limits, we

find a ~ t'/2 when a is small and & = 0 then a* = E?/12. The universe therefore expands
rapidly at first, then stops and contracts again. We now use the ¢ equation of motion

. do da
3 3
— 32r Y 4.63
= (4.63)
to find an equation
do E 1
=t 4.64
da ad [ B _4 (4.64)
12a%
for ¢ in terms of a. We again have a standard integral that gives
1 E
a) =+——cosh™! < ) . 4.65
oa) =+ 7= NCT (4.65)

The solutions for a(t) and ¢(t) = ¢(a(t)) fully determine the classical evolution of the
universe. To quantise this cosmological model, we turn it into a Hamiltonian problem with
canonical momenta

12aa adé

To =0, T = — o o= (4.66)
and Hamiltonian
Ry e T
H:ﬂaa+7r¢¢)+7raa—L:—24a+ﬁ—6a (4.67)

where the 7, term has the familiar minus sign. We choose the standard representation 7w, —
—ih0/0a and 1y — —ihd/0¢. The wave function ¢ now gives the quantum mechanical
distribution of both a and ¢ so we require ¢ = ¥(a,¢). The Wheeler-DeWitt equation
becomes

<182 1 02

We would like to change our choice of operator ordering to bring the equation into the

19 ( 0 12 9?

form
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which has the benefit that now we can perform a change of coordinate a = e¥ to put the
singularity at y — —oo. The equation turns into the more convenient form

0 0?
- —_— y =
< g7~ 2 1M > Y =0 (4.70)

which can be solved using the ansatz vy (y,¢) = f(y)e*® where f(y) = K\/gik(\/éLSer)
where K is a modified Bessel function. An arbitrary state is a superposition of these

modes
v= [k Fk)n o) (471)
where we can choose f (k) to specify a particular state. Choosing
- _(k—k)?
f(k)=e 27 (4.72)

with the scalar field peaked at k corresponds to a particular choice of E. This returns a
wave function

w N eiébQ (gﬁi% cosh™1 (ﬁ))Q « phase (473)

peaked at the classical solution.

4.5 Behaviour of Singularities

In the previous chapter, we considered the Kasner universe that is believed to describe
spacetime near a singularity. We would like to follow the reasoning of Belinski, Khalatnikov
and Lifshitz to understand singularities in more detail.

s s /N N N
’ ’ ’ N N N
s s s N N N
’ ’ ’ N N N
’ ’ ’ N N N

AANANANANANANAAANNNAN singularity

Figure 7: Past lights cones near the singularity.

The first interesting effect is that near a singularity, points become independent from each
other. This is shown in fig. 7 where we consider two trajectories and see that as we get
closer and closer to the singularity, the past light cones do not overlap. Very close to the
singularity we can treat each point in space by itself. Setting A = 0, the Hamiltonian takes
the form

H = (kinetic term) + (potential term) (4.74)
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where the potential term includes terms like (y~197)? and (y~19?%y) that become irrelevant
when the points in space are independent from each other. At each point in spacetime we
now consider the Kasner metric

ds? = —dt* + 1?1 dx® + t?P2dy? + 1?3 d2> (4.75)

satisfying the vacuum Einstein equation p; + p2 + p3 = 1 and p% + p% + p§ = 1. The two

conditions can be solved to describe the exponents with a single variable u
—u 1+u u(u+ 1)
= 5y P2 = 5y P1 = 2
l1+u+u 1+u+u 1+u+u

where 0 < u < 1. We have made the choice that p; < 0 and 0 < py < p3 here without loss
of generality. As a similar choice to cosmology, we change our coordinates to

P1 (4.76)

2P = ¢~ 2B (4.77)

where 3; = v;7+ BZ-(O). The coordinate 7 is the new time coordinate and v; can be interpreted

as the velocity of expansion. We can find these in terms of the old variables as
V; —1Int

pi = , T = + const. (4.78)
v1 + v9 + vs v1 + v9 + v3

putting the ¢ = 0 singularity at 7 — oo. The benefit of this change of variables is that the
Hamiltonian constraint can be written as

B1B2 + Bafs + B3f1 =0 (4.79)

which is equivalent to a null trajectory gijBiBj = 0 through a spacetime with metric

0 —1-1
gij = -1 0 -1 . (4.8())
-1-10
By computing Hamilton’s equation
d ..
;t” = {7, H} , (4.81)

it is possible to show that this trajectory is a geodesic. We have hence shown that the
system traced out a null geodesic through minisuperspace with a flat metric of signature
(—,+,+). To see this more clearly, we may change coordinates again to

1 1 1

V6 V6 V6

where the metric is now exactly 3d Minkowski with line element ds? = —dT? +dX?+dY?2.
Hence the BKL idealisation makes superspace a copy of 3d Minkowski spacetime at each

gt (T — X —V3Y), g2 (T — X +V3Y), 3 (T + 2X) (4.82)

point in space.
Now let’s get back to the Kasner metric. We reassign

= e, P2 =P 1P = ¢ (4.83)
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and consider the Hamiltonian H = T'+V. BKL argue that the potential term V introduces
rapid changes in the u from time to time. We now also allow u to leave the range between
0 and 1 such that p;, ps and ps can have an arbitrary order. In a type I change, u - —u—1
such that p; and pe swap. In a type II change, v — 1/u such that ps and p3 swap.

epoch

(0%
O@ﬁﬁJ B

—— singularity

era

—Int

Figure 8: Behaviour of metric coefficients close to the singularity.
This behaviour is displayed in fig. 8 where we meet chaotic oscillations as we get close
to the singularity on the right. The period between each swap is called an epoch and the
period where only one type of swap is active is called an era. The evolution of «, 8 and ~

reminds of null geodesics bouncing off walls.
To analyse this behaviour more, we switch to polar coordinates in superspace

—dT? + dR* + R*d¢” (4.84)
and define a new set of coordinates R = wsinh p and 7" = w cosh p. The metric is now
—dw? + w?(dp® + sinh? pd¢?) (4.85)

where we identify the term in brackets dp? +sinh? pd¢? with Lobachevsky space. We hence
change our coordinates on this subspace yet again

sinh p cos ¢ 1
= - — v = - - (4.86)
cosh p — sinh psin ¢ cosh p — sinh psin ¢
such that the metric simplies to
du? + dv?
W >0, (4.87)
v

In u — v space, we can now easily display the evolution of the metric as bouncing off walls.

Fig. 9 describes the u — v plane of Lobachevsky space. We can describe our system as a
particle confined to the region bounded by the walls A, B and C. Introducing a complexified
coordinate z = u + v, geodesics in this space are described by circles |z — ug|? = ¢? where
ug is the origin of the circle and ¢ the radius. Bouncing off the walls now generated maps
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Figure 9: Relevant region of Lobachevsky space.

A:z— -2, B:z—1—Zzand C: z — 1/Z on the coordinate z where z denotes the
complex conjugate. We recognise the region bounded by A, B and C to be the fundamental
region of the integer matrix group GL(2,7Z) and the transformations corresponding to A,
B and C to be generators in GL(2,7Z). Therefore we may consider the trajectory of the
spacetime as a word in GL(2,7Z).

Quantising the spacetime gives the Wheeler-DeWitt equation

9?2 2 9 1
<—aw2—waw+w2AL>¢_o (4.88)

where Ay is the Laplacian on Lobachevsky space. We have to also implement the boundary
conditions ¢ = 0 on the walls which leads to the usual effects of containing a wave function.
Solving this equation can be done by seeking separable solutions of the form

¢ = g(w)f(u,v) (4.89)

and finding the eigenfunctions f of the Lobachevsky Laplacian such that Apf = —E, f.
We then find solutions for g of the form
-1 v1-4E, 1

5 =-3 + ity . (4.90)

g(w) =w?, p
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